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1. KpaTtkuii o630p Kypca

MaremaTuiaeckas CTATUCTUKA 9TO HAYKA, MOCBANIEHHAS Pa3paboTKe ONTUMATLHOTO BBIBOJA, OCHOBAHHOIO HA
HEU3BECTHBIX 3aKOHOMEDHOCTSX.
HamomuawnM HEKOTOPHIE OCHOBHBIE OMPEIEIEHNA W3 KyPCa TEOPUW BEPOSTTHOCTEIR.

Omnpenenenne. ITpocmpancmsom dsemeHmaphvir cobbimMutl Ha3hIBAETCS MHOMXXECTBO WCXOIOB HEKOTOPOTO IKCIIE-
puMenTa. DIEMEHTAPHBIM COOBITHEM HA3BIBAETCA JIIOO0N 3JEMEHT TTPOCTPAHCTRA 3JIEMEATAPHBIX coOBITHI. CobhITHEM
Ha3hIBAETCs J1H060€ TMOAMHOYKECTBO TPOCTPAHCTRA, 3JIEMEHTAPHBIX COOBITHI. DKCIEPUMEHTOM Ha3hIBAETCS (DYyHKIHUS,
MIPUHUMAIOIIAST 3HAYEHHE Ha MPOCTPAHCTBE 3JI€MEHTAPHBIX COOBITHIA.

Omnpenenenne. I'eneparbroti COBOKYNHOCMHIO0 HAZBIBAETCI TOCTATOYHO OONIBHITTOE, OBITH MOYXKET, OECKOHETHOE TTO/I-
MHOKECTBO 3JIEMEHTAPHBIX COOBITAN.

Onpegenerne. Cayuatinoti 8eAunuH0li HAZBIBAIOT (DYHKIUIO OT 3JEMEHTAPHOTO COOBITHSA.

1.1. Mogenb KoHe4YHOro cny4aiHoro Bbibopa

Paccvorpnv momenn «Bribop 6e3 Bo3spaittenns». [Tycrs N — ob1mee w1cio 3716 MEHTOB TeHePaIbHOM COBOKYTTHOCTH,
M — uauncyio oTMeueHHbIX (KAKMM-TO CBOMCTBOM) 3JIEMEHTOB, 1l — Pa3Mep BBIOGOPKH, T. €. 9HACJIO 3JIEMEHTOB, BRIOPAHHBIX
n3 reHepaﬂBHOﬁ COBOKYTIHOCTH, 1M, — YNCJIO OTMEYEHHBIX IJIEMEHTORB B BBT60pKe.

BeposiTHocTHAsS 3anaua paccMarpuBaer caydaii, Korma n, M u N zanase;, a m € {0,...,min(n,M)}. Toraa
BEPOSTHOCTH TOTO, YTO CPEIU BHIOOPKY PA3MEDA N OKAXKETCsi POBHO 1M, OTMEUYEHHBIX 3JTEMEHTOB, MOXKET ObITh BEITUCIEHA
110 U3BECTHOM PopMyTe

Cm n—m
Qnm(N, M) = ==
N

Crarucruyeckas 3a/1a4a CTaBUTCS HECKOJIBKO nHade. Hanpuwmep:

a) Homycrum, uro n, m, N w3sectup, a M — wmewnssectro. Tpebyercst onernts M. 9TO B HEKOTOPOM CMBICIIE
3a7a9a, o6paTHas BEPOATHOCTHON. PemmTh ee He Tak-To mpocto. IIpocrefimee (o moBonBHO Tpyboe) mpubamxenne
Anst M MO3KHO HalTH, HAIPUMED, U3 COOTHOIIEHU I

s Toro, aTobBI HAMTH O0OIee TOYHBIE OIEHKHU, HYKHBI CIIEITUATBHBIE METOIbI, KOTOPBIMUA U 3AHUMAELTCS MATEMATHYE-
CKasl CTATUCTHKA.

6) Iycrs 3amamesl n, m u M, a N neussecrro. Tpebyercs onenuts N. [Ipumep Takoil 3a1a9u  OLEHKA YUCAA PBID
B BOZIOEME: TTPOM3BOANTCS BHIOOPKA pa3dmepa M, moMedaioTcst Bce PHIOBI U3 3TOHW BHIOOPKH, & CITYCTs HEKOTOPOE BPEMS
MPOW3BOANTCS €Ile O/HA BHIOOPKA pa3Mepa 1 W NMOACYUTHIBAETCH YUCJIO MOMEYEHHBIX PhIO m n3 310# BHIOOPKU. T1o
3TWM JaHHBIM TpebyeTcst OIeHnTh YHCIo prib B Bogoeme. [Iast permenmst 9To¥ 3a4aW PacCMaTPURALTCS REPOATHOCTD
Qnm(N) kaxk ynkius nepemennoit N. OxkaseiBaercd, uro GyHKIHSA () CHAYATA BO3DACTAET, a 3aTeM yObiBaer. B

KavyecTBe OIEHKW MCKOMOTO 3HadYennst N BriOnpaercs takoe 1esioe N, , It KOTOPOTO @n’m(N) MakcuMaabHO. MoKHO

MOKa3aTh, 9TO
N, — [Mﬁ} <Ml
m m
PaccvoTprv cnemyrominit SKCiepnMenT: IBa pa3a He3aBUCHMO APYyT oT apyra Gpocaercs momerka. Moxkmo pac-

CMaTPWBATh IBE MOIEIW 3TOTO IKCIMEPUMEHTA:
1) 4 ncxoma: BRMAMW TOCAEIOBATETRHO OPENT—0PET, OPE—PEITKA, PEMKa—0pen, pemra—pemka. Kaxaomy nexomy
1

OPUITUCBIBAECTCA BEPOATHOCTH 1

2) 3 ucxoma: 2 opina, 2 periku, 1 open u 1 pemka; KaxkJI0My UCXOY MPUIUCLIBAETCS BEPOSTHOCTh 15
[IpakTrka mOKA3LIBAET, 9TO MEPBasg MOIETb 00Iee COOTBETCTBYET MEHCTBATEILHOCTH, Y€M BTOPAs: MPHU OOJIBIIOM
9uCIIe MCTRITAHNH KaXKIbI M3 YeThIPEX MCXOIOB TOABISIETCS C 9acTOTOM, OIW3KOM K }Z’ B TO BpeM$ KaK BO BTOPOI MO-
a TIepBBIE IBA — C YACTOTOH L

JeJIV TIOCTEIHWIT NCXOM, TTOSTBIISIETCST C YaCTOTOMH, OJIN3KO K L 1

5 9TO TIJIOXO COOTRETCTRYET
TTPUTITMCAHHBIM BEPOATHOCTAM.

B HEKOTOpOM CMBICTE 337aUa MATEMATHYIECKON CTATUCTUKE 0OpaTHA 3ajade TEOPUHU BeposATHOCTeH. B Teopun Be-
POATHOCTE B KaXKJI0I KOHKPETHOI CUTYAIlMHd BEPOATHOCTb CUUTAECTCH MOJAHOCTBIO ONPEIEeTeHHON U OCHOBHON 3a/1a4eil
TEOPUN BEPOSITHOCTEH SRJIsTeTCS paspaboOTKa METOIOB HAXOXKIEHWS BEPOSITHOCTEN PA3INYHBIX CIOYKHBIX COOBITHI (I/IC—
XOJIst U3 W3BECTHRIX BEPOATHOCTEH GOJIee MPOCThIX COORITHI) I TAHHONH BEPOATHOCTHOW MOomenn. B Maremarnyaeckoi
CTAaTUCTUKE PACCMATPUBAECTCA CTATUCTUIECKAA MOOEJh, KOTOPadA OTMMCHhIBAECT TaKWe CUTyalln, KOTrda B BepOﬂ’T‘HOC’T‘HOﬁ
MOJENN U3y9aeMOr0O SKCIEepUMEHTA UMeeTCd Ta UM WHAA HEOIPEeJeNIeHHOCTh B 33JAHAN BEPOATHOCTH, U 33393 MaTe-
MATUYECKOH CTATUCTUKEU COCTOUT B TOM, Y4TOOBI YMEHBIIUTH 3TY HEONPEIETEHHOCTh, YTOYHUTD (BBISIBUTD) CTPYKTYDY

CTATUCTUYIECKON MOJETH M0 Pe3yaIbTaTaM MPOBOIUMbBIX HAOIIOIEHUI.



1.2. Crartncrunyeckas mogens cxembl BepHynnu

Badwmrcnpyem uncno n € N. Paccmorpuwm ciayuaiinbie seqmannbt &1, &, ..., &, (w) HA HEKOTOPOM 0OImEM BEPOSAT-
HocTHOM mpocrpadcTse (€, o7, P), w € Q. VIX coBMECTHOE PACIIDEIeIeHUE:

P(é] :a]7£2 :a2~,---7£n :an) :pa1+...+anqn7(a1+m+aw)7 ap € {01}7 paqé 0', p+q: 1.

Bnavenmne caywaiitHol BenwamHBI & — wmcxom nepsoro ucnbitanns, P(& = 1) = p, P(§ =0) = ¢ =1—p, m
aRanoruaro 115 &, . . ., &n. Orcoma P(& = ay) = p®'¢' ~ %, w 7.1. 3naumr,

n

P& =a1,& =as,...,& = ay) = pmT-tongrlottm) - T (pakqln'k) =P(& =a1)...P(§& = ay).
k=1

Orcroma caenyer, uro &1, &, ..., & — HE3aBUCHUMBIE UCTIBITAHWUS.
Paccvorpnv cywaiinyo sennanny S, = & + ... + &,. Ona nveer GnHOMMANIBHOE pacTpeeIenne:

P(El +...4+6 = m) = C;T,meqnima Sph=&+...+&, MS,=np, DS, =npq.

Samaua MATEMATHIECKOM CTATHCTUKU  OIEHUTH HEM3BECTHOE 3HAYEeHUE P. JI71s 3TOT0 NCMOAB3YIOTCS TPH TOIX0IA
TOYEUHAS OIEHKA, MHTEPBAIbHAS OIEHKA U BBIOOD U3 ABYX rumores. [IpogeMoHCTpUpYeM KaXKIbIA U3 HUX HA MPUMEpE
cxembl Bepaymm.

1.2.1. TOYEYHASA OI[EHKA

BanureM 3aK0H GONBINNX YUCENT I CXeMbl BepHyiim:

&:&—l—...—i-fni S, np

M—=—=p, n— o
n n n n
P
T. €. 9aCTOTA TTOSABJIEHWs YCITEITTHOTO MWCXOOAa ST" CXOIWTCHA TIO BEPOSATHOCTH K TTapaMeTrpy p: Sn—" — p, N — 0.
BosbMmeMm B KadecTBe OIEHKH IapaMeTpa p 3Ty 9acTOTy % =! pp. OTO CloydaiiHas BeIUYMHA CO 3HAYCHUIMH
m=20,...,n.

Teopema 1.1. 9ma ouenra obaadaem caedyrUUMY CEOTCTNEAMIU:

1) Hecmewennocms: Mp, = p.

2) Cocmoamenvnocms: Py, EA P, N —> 0.

3) Bddexmuenocms: JTucnepcus wacmomst P, AGAACMCA HAUMEHbUWET cpedu Jucnepcutdl 6cexr OpY2uT OUueHOk,
Komopwe obaadatom ceoticmeamu 1) u 2).

O Boime yxe ObUIO MOKA3AHO, YTO OIEHKA P, HECMENIeHHAas (3To caemyer u3 toro, uro MS, = np), a B cuny
3aKO0Ha, BOJIPIITMX 9MCEN M1t CXeMbl BepHyIIM OHA COCTOSATENRHA; TEM CAMBIM CBOMCTBA 1) W 2) mOKA3aHBI.

Hoxaxem croiicteo 3) — addektusrocTh. Ilycth P, — mobas omeHKa mapaMerpa p, yAOBJIETBOPSIOMAS yCJIO-
susm 1) m 2) (HecmemenHOCTh M cocTosTenbHOCTh). Pacemorpum semmuanny M(p, — p)2. Owna maswisaercs cpemgneit
KBAIPATHICCKON OIMMUOKOM OIEHKHA P, .

JInst HeCMEIIEHHBIX OIEHOK CPEJIHsIs KBAJIPATUYECKAs OMUOKA COBNAIAET ¢ IUCTEPCHel, B YaCTHOCTH Jjisl HAIIeH
OTeRKH Pt M(pr, — p)2 = Dpy,.

Oboznaunm
P& =a1,6 = as,...,& = ay) = p" Tt (1= p)" (O Ftan) = g(pray, L ay).
Jna mo6oro p € (0,1) umeer mecro paBescrso  ».  g(p;ai,...,a,) = 1. YcioBue HECMENIEHHOCTH OLEHKYU O3HA-
qaer, uro Mp, = > pplai,...,a,)g(p;as, (nl,ann)"): p. Pacemorpum g(p;aq, ..., a,) = g(p) kak dyHnkuuio napa-

(“1,<~,fln)

merpa p. Torga HammM yCaoBust MOTyT ObIThH 3AMTUCAHBI B CJIEAYOMEM BUAE (CyMMWPOBAHWE BEAETCA TIO BCEM HAOOPaM
(@r.....1n)):
{ >Yglp) =1,

> Pn - 9(p) = p;

ITponnd depentmpyem Kaskmoe n3 3TUX COOTHOIIEHHNH O P, & 3aTEM, YMHOKHWB TIEPBOE HA, P, BHITTEM €10 U3 BTOPOTO;

0<p<l.

TTIOJLy YW M

Il
=

> (B0 — p)g,(p)



/ c ! — d1n g(p)
Tenepn npencrasum g, (p) Kak morapudpMmuaecKyio mpoussoaHyto: g, (p) = g(p) 5y » & 3ATeM IPUMEHAM HEPABeHCTBO

Komm-Bynsxosckoro, mpeacrasus g(p) B suge g(p) = /9/9:

1= (3260 -0 2588 < (526, - ra0) ([ 2522 o

Tak xaxk Mp, = p (ycnoBme HECMENMIEHHOCTW ONEHKW Py ), TO TEPBBI W3 MHOKWTENEH B TPABOH 9acTW 3TOTO

HEPABEHCTBA  3TO JUCIEPCUs Pp,. OG03HAUUM BTOPOH MHOXKUTENL uyepe3 [(p), TOrga HEpABEHCTBO MEPEIUIIETCS B

sune 1 < Dp, - I(p), unu Dp,, > ﬁ. Haiinem I(p) B saBHOM BUIE:

Z&n_Z&r:M@&_WY_D@&):wﬂﬂﬂ_ n
D 1-p

Hm=M[

p’(1-p?  p(1-p? p’(1-p? pl-p)’

p(1 —p)

[Moncrasnsas wafinennoe 3uadenue [ (p) B HEPABEHCTBO IS AUCIEPCUM, TToaydaem: Dp, > = Dp,, 1. e. omen-

Ka Py, JeWCTBUTEIRHO 00IaJaeT HanMeHbITIei Aucrepceneii 13 BCeX HECMEIIEHHBIX COCTOATEIhHBIX OIIEHOK P,. Teopema
noxkasara. W

Ecnwm 3amana mpon3BonbHas OIEHKa P, MapamMerpa p, TO TPEJICTaBUM ee MaTeMaTwdeckoe oxuaanne Mp, B Bume
Mp,, = p+ A,,. Toroa A,, Ha3HIBAETCS CMEIEHWEM OLIEHKY Py,. HecMelnentbie oleHKr 001a1a10T HYJIEBhIM CMEIEHUEM:
A, =0.

Jlnst HAIIeH OUEHKH P, = 22, ouesnumno, Dp, — 0, n — 00, T.e. 4aCTOTA OBIATACT HANMEHBIIHM DPACCESHHEM,

n
eCIn paccedHnue uaMepdercd ¢ IIOMOIIBIO JUCIIEPCUHN.

1.2.2. THTEPBAJIBHAS OIIEHKA

WuTepBanbHoil OIEHKON MapamMerpa p HA3BIBAETCS UHTEPBA [Dn, Dn], KOTOPLIHA 061a1a6T CASAYIONMUM CBOACTBOM:
P{p € [ﬁn,ﬁn}} >1—a,0< a<1;p, =pp(a), pn = pr(a). llpn 3mOM anvHA WHTEPBAIA JOJKHAA OBITH HAMMEHBITIENH.

IIpumep 2.1. Paccmorpum n = 100 Gpocanuii npaBunbHOi MoHerhl (cxema Beprymnnu ¢ napamerpom p = 0,5),
X — Wexon k-ro mcnbitanus (3Haverne GEPHYIIMEBCKON caydainoi Bemwanant &); Sy = & + ... + &,. Ouesngno,
P(0 £ S, <£100) = 1. Tpsimoii moacaeT BEPOATHOCTEH MOKA3HIBAET, ITO

P(35 < S, < 65) = 0,99822; P(39 < S, < 61) ~0,98.

Takum obpazowm, [%, %] JNIOBEPUTENBHBIA HHTEPBAT g TapaMeTpa p ¢ JOBePUTETbHON BepoaTHOCTHIO (0,99822;
a [%, %} JIOBEPUTENBHBIN UHTEPBAI JIIsi TAPAMETPA P C IOBEPUTENBHONU BEPOSITHOCTHIO & (0,98.
JIns mocTpoeHNsT TOBEPUTENBHOTO WHTEPBANA I CXeMbl BepHY/IIN 3amuiieM JIis OIeHKYN P, = q—n" HEPABEHCTBO
Yebprmésa: < .
P2 -MZ|>e)<—2 = P||Z2-MZT|Le]|>1- 2,
n n g2 n n g2
. pq 1 1
P —plLe)>21——2>1- - >1-a, a=——.
([pn = p[<e) > ne? 7 dne? 7 ’ 4ne?

Tenepr 3anaanm ponssoakaoe a € (0,1). Torma anst £, = ,/ﬁ TOJLy YnM:

P(

ﬁn_p|<5a)>1_a~, T. €. P(ﬁn_gagpgﬁn+5a)>1_a-

Takum 06pa30M, MBI IOCTPOWIU UHTEPBAT [Py, —Ea, Dn+Eq], B KOTOPOM € 381aBa€MOI HAMU BEPOSITHOCTBIO OIITUOKH
HaXOINTCS HEW3BECTHKIHM mapamerp p. OH HA3KIBAETCS JJOBEPUTENIHLHBIM WHTEPBAJIOM JJIsT TAPAMETPA P C JOBEPUTEIHHOMN
BEPOATHOCTRIO 1 — @ (MW ¢ BEPOATHOCTHIO OMAOKHM (¢). Uem MEHBITIE MBI BRIOWPAEM (¢, TEM DOJIBITIE 3TOT WHTEPRAJ.
JIma 3aaHHOTO (v JTUHY WHTEPBAJIA MOXKHO YMEHBIIUTD 33 CYET YBEIUYEHNS YUCIA UCTIBITAHUN 1.

Vraxem emie ofud (6osee TOUHBINR) cnocob HAXOXKEHUS WHTEPBATIBHON ONeHKH B cxeme Beprymmu. ITo teopeme
Myagpa Jlamnaca 4ucio «ycrnexoBs cxeMbl BepHYIIH ¢ pOCTOM N CTPEMUTCS K HOPMATLHON CAydaillHOU BeTWIUHE:

Sn=MSy _ Sa 1P By q), (1)
DS, N

Ucnonw3ys 370, MOXKHO OTIEHUTH BEPOATHOCTH

ﬁnpga):P<¥\/%<£\/%>~¢<a %)@(5 %):2@(11,)1, uza\/g.

P




u 2
i
Buech ®(u) = \/Lz—ﬂ f e~ 2 dt — dbyHKkIMa pacrpenesienns CTAHIAPTHON HOPMAIBHON CAy9IaiHOW BEJTUINHDI.
— 00

O®uxcupyem 0 < a < 1. Ham nyxHO, uT0bbl 2@ (1) — 1 =1 — , 1. ®(u) = 1 — §. OGo3HAUMM TAKOe 3HAYEHUE

1, IPH KOTOPOM 3TO BBINOIHEHO, 9€Pe3 U1 — g (kBaHTUIB MOPATKA 1 — § HOPMANBHOIO PACHpeeIeHNs, HAXOIUTCS 13
6 1) T, o n _ R p(1—p) "
TaOJIUIBI KBaHTI/I.TIeI/I). orga UCKOMOe € HauJdeM U3 YCIOBUA € g 71,17%, g = 71,17% 7 . TaK, HEPpaBEeHCTBO

(2)

BBITIOJIHSETCS ¢ BEPOATHOCTHIO ~ 1 — . OcTanoch HANTH MPAHUIIB TOBEPUTENBHOIO HHTEPBATA. BO3BeIeM HEpABEHCTBO
B KBaJIparT:

. 1-
(n 1) <uf_ g P2

IMonyannn keagpaTHoe ypasHenwne Ha p. B kawectre p, w P, 6epyT KOPHW 3TOTO KBAIAPATHOTO ypaBHEHUS (MOXKHO
nokasarh, 9To Beeraa D > () w KOpHE#H AefCTBUTENTRHO JBA).

1.2.3. BBIBOP U3 ABYX TUIIOTE3

Iycrs 3aman0 pg. Paccvorprm age (B3anmmonckimogaommx) rumoressr o napamerpe p: Hy (ocHORHAasA, nin Hysiepas,
runote3a) n Hy (ankrepraTnrHasa, nwian KorKypupyomast, ranoresa). (Hanpwumep, Ho: p = po, Hi: p # po.) Hama
3aJa9a: BbIOPATH U3 ATUX JBYX TMIIOTE3 Ty, KOTOPOU COOTBETCTBYET HAMMEHBIAs] BEPOSTHOCTD OITHOKH.

Omnpegnenenne. BeposTrocts ommbkm I poma — 370 BEPOATHOCTH OTKJIOHWTH BepHyIo rurore3y Hy. BepositrocTs
ommubOKu II poma  3TO BEPOATHOCTL NMPUHSATH HEBEPHYIO TUNOTE3y Hy.

Kpurepunit nposepku runore3st Hy  3TO NpaBuUiio, HA OCHOBAHUU KOTOPOTO MbI MOYKEM CUMTATH, YTO OHA BEDHA
unu HeBepHa (T. €. mpuHUMaeM ee uwin He npunumaeM). CocraBum TabmuiLy:

Hy H,y
npuanmaem Hy B

oTkmnougem Hy a

Baeck BepositrocTh ommOkm 1 pona (orknonsiem Hg B TO BpeMst Kak OHA BepHA) 0003HAYEHA 9€PE3 (1, & BEPOSITHOCTH
ommbkw IT poma (nmpwanmaem werepuyto runoresy Hg) — f.

Paccmorpnm e ranoreser Hy: p = po, Hi: p # po (po 3amano). [lycts ana mapamerpa p nmosyveHa WHTEPBAIbHAS
OIIEHKA 715 3AIaHHON BEPOSITHOCTH OIMUOKU (v JOBEPUTENbHBIA UHTEPBAI [Py, Dp . TOrIA MOXKHO IPEILIOKUTEL TAKON
KpUTepuii:

1) Ecav pg € [Dn, Pn], T0 Hy nipurnmaem (n COOTBETCTBEHHO, OTKJIOHsIeM H1);
2) Ecin pg & [P, Dn), 70 Ho orkanonsiem (n Tem cambim npuanMaem Hyp).

IockodbKY [Pp, Pn] — JOBEPUTENLHBIH WHTEPBAJ C JIOBEPUTEIHHON BEPOSITHOCTHIO 1 — (r, TO BEPOSITHOCTh OMNUOKM
I pona He npeBocxoauT (.

PaccmoTpum ere ouH npuMep THNOTE3 0 napaMerpe p cxembl bepuymnu. Ilyers Ho: p = po, Hi: p = p1, Tae
po < p1 3a/laHbl, U MYCTh « BeposaTHOCTE omubku 1 poma, 5 BeposiTHoCcTh omuOku 11 poma. Kak scerza,
obosrauwaem S, = & + ...+ &,. Torma cymecrsyer Takoit kpurepwnii: ecnm S, > m., 1o Hy orkmonsiem (Tem cambim
npuanmas Hi), a ecom S, < M, 70 Hg mpuanvaem (Hy otknorstem). Ywncmo 11, HA3hIBAETCST KDUTHIECKUM 3HAYEHNEM
U HAXOIUTCS U3 COOOPAXKEHUH MUHUMU3AIMK NpU (DUKCUPOBAHHOM 1 cyMM (BeposrHocTeil ommbok I u 1T poza)

o

SoCm -t B= Y CEpr (- )t
m=0

m=m.+1

3agmaua 1.1. ITycms sadann 0 < o <1 u 0 < 8 < 1. Hafimu naumenvuiee 3HaUEHUE N U COOMEEMNCMEYIOULEE
emy m.(n), maxue wmo dannvii xKpumeput pasaunaem zunomess, Hy u Hy ¢ eepoammnocmamu owubox I u I poda,
HE NPesocTo0AWUMY coomeememeento o u 3.

Ha srom mbr 3aBepriaem o630p. Jlanee peus noiiaér moapobHee 0 TOYEUHBIX ONEHKAX, HHTEPBATBHBIX OIEHKAX U
IPOBEpPKEe TUTIOTES.



2. To4yeyHble OLEHKMN

2.1. Obuwme NOHATUSA MaTeMaTUYECKOW CTAaTUCTUKU

2.1.1. CTATUCTUYECKASI MOJEJIb

q)yH,HaMeHTa.HBHBTM TTOHATHUEM TEOPpUHN BepOﬂTHOCTeﬁ ABJIAETCA BEPOATHOCTHAA MOAEIIH (BepOﬂTHOCTHOQ TTPOCTPpaH-
crBo) 310 Tpoiika (2,.¢7,P), rne )  mpPOCTPAHCTBO 3IEMEHTAPHBIX COOBITHIL, &7  F-anredpa MOAMHOKECTB ITOrO
npocrpancTsa (cobbiTuii), P BepogrHOCTHAs Mepa Ha o-anrefpe o7 .

OCHOBHBTM O6T)€KTOM NCCII€I0OBaAHWA MaTEMATUYECKOW CTATUCTUKN SRJSIETCS CTATUCTUYECKAS MOIEJIb. Onpe,ﬂ;eﬂﬂl\/f
9TO TIOHATHE.

PeSyﬂBTaTOM CTATUCTUYECKOTO IKCTIEPUMEHTA ABJIAIOTCA BEIIECTBEHHKBIC YNUCJIA L1, ...,Ly — CTATUHCTHYECKUEC daH-
Hble. DTO 3HAYCHHS CAYYARHBIX BeTmdanH &, ...,&,. Ux cookymmocTs z(") = (z1,...,%,) HA3BIBAETCH 6bGOPKOT
pasmMepa (IopsaaKa) n.

Onpenenenne. Cmamucmuyeckoli modeanto HazpBaercs Tpoitka (2, B(X), P), tne & = {z(M}  BR6OpOU-
HOE MPOCTPAHCTBO, T.€. COBOKYIHOCTH BCEBO3MOXKHBLIX BBIGODOK paszmepa n, B(%) o-anrebpa HA BBIOOPOYHOM
npocrpauncree, & = {P} — HekoTopoe cemeticmeo pacnpezenenuii BepositHocTeil, 3aaannoe na B(Z).

B npocreiimem cnydae cuutaem, uto 2 C R™ a #(2) 6Gopenesckas g-anrebpa.

IMpumepamu cemeiicTR PaCTPEIEIeHnii MOTYT CIy¥KHTh, HATIPUMED, CEMEWCTRO OEPHYILIMERCKWX DPACTIPEICTICHNT,
p € [0,1]; cemeiicTro nyacconorckux pacnpenesennit, A € (0, 00); cemelicTBO GMHOMWAJBLHBIX pacnpejenennii ¢ napa-
merpamnu (n,p), rae n dpukcnporano, a p € (0,1) n T.7.

Hama mens  BBIZEIATH M3 CEMEHCTBA PACIPENETCHUH TO €IMHCTBEHHOE PACIpPENETIeHre, KOTOPOe HAWIYYIIAM
06pazoM COOTBETCTBYET HAIIMM 3AIPOCAM, TOUHEE, MONYUEHHON BBIOOPKE (MOCIE 3TOr0 Mbl CMOXKEM paboTaTh ¢ BEPO-
SATHOCTHOW MOJIENRIO).

Ecmm & = {Py | 8 € O}, rne § — napamerp, © C R™ — napamerpuyeckoe MHOXECTRO, TO IOBOPST, 4T0 &P —
napamempuueckoe cemeticmeo pacnpedesenuti, a (2, B(Z), P) — napamempuuecras modens.

Hycrs mMeercs caywaiiasii sekrop £ = {&,...,&,} co 3mavenmsamu (z,...,2,) B BEIGOPOUHOM HPOCTPAHCTBE
Z. B COOTBETCTBUE C OIpPeIeTeHneM CTATUCTAYECKON Momenu, &7  ceMeiicTBO pacnpeIeneHuil CaydaifHoro BeKTopa
¢ Yrobel HE myTaTh HAGOD CAYYANHBIX BEJIHIUH (cnyuaiinbiii BeKTOp) 1, - ..,&, C €r0 KOHKPETHBIMY 3HAYCHUSIMU
Z1,..., %y, TOBOPAT, 9TO L1, ..., T, — BBIOOPKA, & &1,. .., &y (& = &(w)) — cnyuaiinas BeGopka.

2.1.2. OBOCHOBAHWE MPEJEJbHOI'O NEPEXO/JA NPU CTPEMJIEHUU PA3MEPA BBIBOPKU K
BECKOHEYHOCTHU

Cunraem, uro R(™ — n-meproe erkimmaoro mpocrpancTo’. PaccMOTPHM 1OC/IEI0RATENRHOCTh BRIGOPOUHBIX TTPO-
CTPAHCTB

(RM, B(RMY), ... (R™, B(R™)), ...

¢ BeposTHOCTHBIMEU Mepamu Pq,... P,,.... Uccnenyem ux npenenbHbie CBOMCTBA IpU 1 — OC.

Onpegenenne. BepositHocThbie Mepbr Py, ..., P, ... HA3BIBAIOTCA €0240C080HHbLMU, €CTTH

VneN VBe BR™) P, (BxR)=P,(B)

Beemém npoctpanctso (R(°), B(R()), rne R(™®) = {x = (#1,...,%n,...) | 71 € R}, B(R(™))  Gopenerckas
g-anredpa.
Onpenenenne. [ycrs B € Z(R™). Torna 6opesescrum yusumdposm HAZBIBACTCS CIEIYIOMEe MHOKECTBO:

Zn(B) = {x = (z1,...) € R | (11,...2,) € B}.

Teopema 2.1 (Koamoropos). Ecau mepv, na RM . .. R™ .. coeracosans, mo cyuecmeyem eouncmeennaa

sepoammocmuan mepa P ua (R, B(R())) maxas, wmo P(Z,(B)) = P,(B) daa ecex B € B(R™) u das ecex

HAMYPAABHBLT M.

Dra TeopeMa OBOCHOBBIBAET 3aKOHHOCTH MEPEX0Ja K Mpejeny Ipu n — oo (n pa3mep BbIGOPKH).

2.1.3. MOJEJb TOBTOPHBIX UCHLITAHUN

Onpenenenne. Modeavio noemopHusr ucnsimanutl HaA3bIBAETCS CTATHCTHYECKAsT MOJIETh, B KOTOPOH CIydaiinbe
BEJIUYUHBL {1, . ..,&, (CO 3HAYEHUAMU 1, ..., T, COOTBETCTBEHHO, (T1,...,T,) € 2 ) HE3ABUCUMBI U OJIMHAKOBO PAC-
MPEIeTeHbI.

B manbHaeiimem Mbl HyIeM paccMATPUBATE TONBKO MOIETH MOBTOPHBIX HUCIBITAHUMN.

Togemy-T0 1eKTOP 0603HAYMI €ro HECTAHIAPTHO. .. npumen. C. K.



TTpumep 1.1. PaccMOTperAas BHITIE CTATUCTHYECKAA MOAETH CXeMbl BepHyIIIM — MOIEIh TOBTOPHBIX UCTTRITAHTE.
el CTRUTENIRHO, B 3TOM CIydYae PACCMATPWRAIOTCA HE3ARVCAMBIE WCIMBITAHWSA C OOAWM W TEM K€ PACTPEIeICHUEeM
BepoaTaocTn P(§ =0) =p, P(E=1) =1 —p, tne p € (0,1) — napamerp.

TIpumep 1.2. PaccmoTpum 3KCTIEPUMEHT O M3MEPEHWI0 TeMniepaTyphl. Mbr canTaeM, 9T0 M3MEPEHNA HE3aBNCHUMbI

7 Pe3yabTATH N3MEPEHNIT — 3HAYEHWST OIWHAKOBO PACTTPEIETIEHHBIX CAyJIaiHbiX BeqnanH &, ..., &, ~ . Ha mpakTnke
OOBIYHO Pe3yIhTATH M3MEPEHNH KOJIEOII0TCA OKOJI0 HEKOTOPOTO MOCTOSTHHOTO 3HAYEHWs @, TMO3TOMY ya00HO paccmar-
puBath £ B Buge £ = a+ A, rme &€ = (&,...,&n), A = (Aq,...,A,) ciayvaiiHas omubKa, WK B KOOPIAMHATAX:
& = a+ A, k=1,...,n. Cnyvaiiusie Benmuaunbl Ay, ..., A, TakKe HE3ABUCUMbBI U OJUHAKOBO PACIDEIENEHBI; DU
atom MA, = 0, DAy = 0? Vk. Cpennsas TeMmmepaTypa BLIUHCIFETCS KaK CpefJHee apH(METHIECKOe Pe3yIbTATOR
N3MeEpEeHNit:

_ H+...+6 A+... +A, - A+ ...+ A, _ _ o?

& = . =a+ - , A, = — cpenusas omubka, MA, =0, DA, = ot

2.1.4. BBIBOPOYHBIE XAPAKTEPUCTUKHU

ITycTh B HEKOTOPO#H CTATHCTHYECKONH MOLEIN WMEETCA BRIOOPKA TIOPALKA 1 L1, . - -, Ly -
Omnpegenenne. Cmamucmukoli HA3HIBAETCS TPON3BOMLHAS n3Mepumas dbyukoust f (L1, ..., Ly) OT JITEMEHTOR BhI-
OOpKM! Z1,...,Tn.

Omnpenenenne. Ecan cnyvaiinas Benmnanna £ nmeer pacnpenenenwne F (), To meduarnoti pactpesenenns Ha3pBa-

ercst Takoe wncio pu, aro Fi(p) = L.

Mezanana pacnpenenennsi obiagaer rem croiicreom, uro P(€ > p) = P(€ < p).
Paccmorprm npuMepsl Hanbosiee 9acTo BCTPEYAIOMINXCS CTATHCTHK (MW 66l00POUHBLY TAPAKMEPUCTIURK )

e BriGopouHoe cpearee:
n
Ty = Z T (1)
i=1

e Bnibopounas ancrnepcws:

e Buibopounsrit MomenT niopsaka k:
S R
i=1

e BrIOOpPOUHBIL IIEHTPANBHBII MOMEHT MOPsiaKa k:

n

M\k = 1 Z(% — %)M (4)

i=1
e [TopsimkoBBIE CTATUCTHKW: YTOPSIIOYHM 3JIEMEHTHI BHIOOPKY TT0 BO3PACTAHWIO, MOJYYINM TTOCIEI0BATETHFHOCTH

OHa HA3BIBAETCS BAPDUAIIMOHHBIM PSIOM BBIDODKH, & €€ 3JIEMEHTbl  MOPSAAKOBbIMEU cTatucTukamu. CrnydaiiHbre
BEJIMYUHBI §(,;) CO 3HAYCHUAMHU T(y,) TAKIKE HA3BIBAIOTCA TOPAJKOBBIME CTATHCTHKaMU. Bonee dopmamibho,

Ty = min(zy, ..., %), (6)
T(p) = max[min(z1,...,Ty,. .., Ty)] (7
T(3) ::max[rgéi]n(ml,...,@,...,@,...,mn)], (8)
......... (9)
T(py = max(zr,...,,Ty) (10)
TIE «KPBITITKa», KAK OOBITHO, O3HATAET TIPOTTYCK ITOTO DJIEMEHTA.
e Bribopounass menmnana:

- T(m)s n=2m—1;

= _ (11)
3 (Em) + Tm1)) . n=2m.



Ipumep 1.3. Paccmorpum parromeproe pacrpesenerve ra [0, 8], § — nemspectrnrii mapamerp. [lapamerp 6 MoskHO
OLIEHUTH ,HByMﬂ Cl‘lOCO6aMI/]

1. #' = 2%,, — wecmeménHas OlEHKA

2. 6% = 1, (oneHKa MO KpaiiHeil TOUKe)  CMEIEHHAS, HO CDeJHE-KBAIPATHYHAS OMMOKA MEHbIIe, deM y 6.

2.2. DMnupundeckasa pyHKUUS pacnpegeneHus
2.2.1. OOPEAEJIEHUE U CBOMCTBA

Onpenenenne. Imnupuueckoli pyrnkyuets pacnpedesenus 1Jisi JaHHONW BHIOOPKYU X1, . . ., X, HA3BIBAECTCA PYHKITAST

~

1 < 1 <
k=1 k=1

1, z€ A
rae I4(z) = |~ MHAMKATOP MHOKECTRA A.
0, z¢A.
IMepetigem ot BRIGOPKY 1, .. ., Ty K BAPHALMOHHOMY Dsifly (COBOKYITHOCTH MOPSIAKOBBIX CTATHCTHK ); WHBIMK CJIOBA-
MH, YIOPSAJOYHM BHIGOPKY TIO BOBPACTAHUIO: (1), . . ., T(n). 1OLA, OUEBUAHO, IMIUpHYecKas (DYHKIA PAcTpe/ieeHIs

MOKeT OBITH 3alMCAHA B BUIE

N N 0, z< T(1);
E. (z;2q,. .., rn) = Fu(x20y,- -, T(p)) = % Ty LT < Ty, 1<kL<n— 15
1 z2>ax,.

Ecmn BeiGopKa 21, . . ., 2, Pukcnporana, To sMnupryeckast GyHKIMS pacnpesenennst — 310 GyHKINsT OT TiepemMeH-
Hoit € R: F,(z;21,...,2,) = F,(x). Ona asnsercs GyHKImeil pacupenenenus HeKOTOPOi CaydailiHol BeIndunb &
(nposepsre atol): Fy,(z) = Fe(x) = P(€ < z).

Ecmm ke Bpibopka He ¢ukcnpoBana, a CayqafiHble BeTUIHHBL &1, . .., &y, TOPOIMBIINE 3Ty BBIOOPKY, HE3aBHCH-
MBI M OJIMHAKOBO pachpeienennl ¢ pyuknueil pacupegenenus F(x), 10 MoxkHO pacemarpuBath Fy, (361, ..., &,). dns
Kaxa0ro ¢ € R aro cnyuaiinas senuuuna: Fp,(x; &, ...,&,) = F,(z;w).

Teopema 2.2. 1) Cayuatinas 6eaununa nﬁn(m; &1, .., En) uMeem GUHOMUGABHOE PACTPEJEAEHUE ¢ NAPLMEMPAMIU
(n,p = F(x)) npu aobom durcuposannom z € R;

2) Fp(z:&1,...,&) asaaemes necmeu,ennoti cocmoamenvnoll oyenkoli F(x);

3) P( lim Fy(z;6,...,6)=F(z), V€ R) =1;

n—roc
- d F(x)(1—F(x

HnFa(miér, .. &) 5 N (F(), ZUEED) 5y o0,

0  Haiinem pacnpenenenwe caydaiinoi senwawnab By, (x: &, ..., &,) npn mobom dukenporarrom & € R. Ecim
& < 2, 10 [_oo (&) = 1, @ ecim § > x, 10 I(_o 41(&) = 0. Snaunt, npu kaxgom z € R F(x;&,...,6,) —

3TO WacToTa Hacrymiaenns coobimns {& < x}, BeposTHOCTH KOTOpOTro pasna P(&, < z) = F¢, (z) = F(x). Orcooga

noaydaeM, 4to caydaitnas senuauna nky, (r;&, ..., &,) uMeer GUHOMUATBHOE PACIIPENEICHHE ¢ HapaMeTpaMu (n,p =
F(x)) npn mobom dukcnporannom & € R (yrrepxkaenne 1) teopemsr). Eé maremarnyueckoe OxXugaHne u IUCTIEPCHST
COOTBETCTBEHHO paBHBI np n np(l — p), MOsITOMY TIOIYIaEM

F(a)(1- F(x))

MBu(r:6r,.. €)= Fa), DBu(msta,.. 6= T yaep (12)

Taknm 06pa3om, IMTUPUTECKYI0 DYHKINIO PACTPEICTCHINST ﬁn(m;& ,+->&n) MOYKHO PACCMATPWBATH KAK OUEHKY
(Teoperndeckoii) dyrrnnm pacnpeneneans F(x). Tlockonwky ME, (x; &1, .. .,&,) = F(x), To 3Ta onerka recmemennas,
a B cuiay HepareHcTBa UeObINiera, P(|Fn(m;£1,...,£n) — F(z)| > 5) < DE# = % —0,n — 00 YV € R, re

ﬁn(m;fl, oo én) i F(z), n — oc Vx € R, 3Hagur 3Ta OLEHKA cOcTosTeNbHAasd. Takum 00pazoM, yTBEpKIeHUE 2)
TaK:Ke JOKA3AHO.

Yreepxaerne 3) cneayer n3 Y3BY mns cxemwr Beprynnm (teopema Bopens), a yreepxaenne 4) — w3 dbopmyn
(12) m neRTPaNBHON MPEAETHHON TEOPEMBI JJIsT HE3ARMCUMBIX OJMHAKOBO PACITPENIETEHHBIX CIyIaAiHBIX BEJUIWH, TPH-

MEHEHHOI K CyMMe nﬁn(m;fl, conbn) = 3 o0 (&r). B
k=1

Banaua 2.1. Joxasams, wmo F,(z;&1,...,&,) asasemea adexmuenoti oyenxoti F(z) YV € R.
Ha camowm mene umeeT Mecto etne 6o/ee CUIbHOE yTBePIKIeHNEe, 9eM YTBePXKICHUE 3) JOKA3AHHON Te0PEMbl, A UMEH-
HO paBHOMEpHAas cXomuMocTh Fy(x;&y, ..., &) K F(x) ¢ BeposTHOCTBIO 1, 9TO U COCTABSIET COAEPKAHUE CIEYIONIei

TEOPEMBI.
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2.2.2. TEOPEMA TVINBEHKO — KAHTEJLJIN
Teopema 2.3 (I'muBenko — Kaunresnu). Tycms &, . .. ,én — 630UMHO Hesaeucumue 00UuHAK060 pacnpedesertbie
caynatinme seaununbt ¢ Gynryuet pacnpedesenus F(x); F, (x &1,...,&) = Z I—,21(&x) — uz smnupuveckas

Ppynrxyua pacnpedesenud. Tozda

P(hm sup|F, (Tfl,f)*F(T) :0):1
n—o0 x
(m.e. ﬁ'n(x &1,..., &) pasnomepto cxodumes x F(x) ¢ sepoammnocmuvio 1).

3ameuanmue. J[1a onpenenenns IMINPUIEcKoil (DyHKINE pacnpenaenenns B teopeme I'musenko KanrTennu ve Tpe-
Oyercst TOHATHST BRIOOPKW: OHA OMPEIENAETCS s 33JaHHOTO (M3BECTHOTO) HAOOPa B3AMMHAO HE3ABUCHMBIX OJIMHAKORO
pacrpeiesIeHHbIX CIYYalHbIX BEJINYWH.

O  dnas xpatkoctn Oyzem 0003HAYATH IMIUPAYECKYIO (DYRKINIO PACTIPDEIENICHU Yepe3 F, () = F, (z;w). To

ycnosmio Teopembr, F'(x) — dbyRKIms pacnpesenenns cayqaiHbIX BeananH £, . .., ,&n. PacemorpuM 1Ba ciywast.

1) Ilycrs F(z)  HempepbiBHAS M CTPOro MOHOTOHHAs (yHKIWs. Pukcupyem npoussosibhoe € > 0u k € N, k # 1:
5 < &. Hockonbky dbynkius F(x) HenpepblBHA M CTPOrO MOHOTOHHA, TO Jid Kaxnoro 4 = 0,...,k waiigercsa x;:
F(x;) = % (BO3MOXKHO, 1 = —0C WM T = +0C), IPUYEM TAKUE I1, . .., T} ONPEIETEHBI ONHO3HAYHO. JIist coceaHux
TOYEK, 110 OMPeIeTeHNO,

Badukcupyem ¢ ¥ TPOU3BOIBHYIO TOUKY & ; < & < Z;+1. B cuty MoHotoHHOCTH dyHKIME F' 1 F umeewm:
Fo(zi) = F(zi11) < Fu(z) — F(2) < Fo(2i) — F(2), (14)
U UCHOB3Ys HepaseHcTso (13), orciona nomydaem:

Fo(z;) = F(zi) — e < Fo(@) = F(2) < Fp(@i1) — F(wi) +¢,

|ﬁn(T) ~ F(z)| € maxﬁ|Fn(m,) F(z;)|+e, VzeR =

)
—

itelg‘Fn(m) — F(m)| < o@%‘ﬁ”(m’) (x; | +¢e, Ve>0, rme 7 S <e. (15)
Pacemorpum cobritne 4; = {w : xl,w) — F(z;),n — oo}. TTo ¥Y3BY must cxempr Bepuynm P(4;) = 1.
Jlanee, pacemorpum cobbrrne AKF) = ﬂ A;. Ero sepositocts pasua P(AF)) = 1 (mposepsre!). Ouesnano, coGsirue

i=1
A®) parHOCHIIBHO TOMY, 9TO max ‘Fn(xi; w) — F(mz)‘ — 0, n — oc. Onpegennm cobbITAA
0<i<k

A:ﬁA(k), B=1qw: sup‘ﬁn(mi;w)—F(miﬂ—>0,n—>oc .
z€R

B cunay meparencrra (15) A C B, a mockoawky P(A) =1, ro u P(B) = 1.
2) Hycrs Teneps F(x)  npoussonbHas (HeyObIBaiounias) HenpepbiHas dyukims. Torma onpenenum z; Tak:

L <F@)}.

z; = inf{z : F(x—(])gk

Jlanee paccy:kaaeM aHATOTHYHO TepBoMmy ciaydar. Ocramock 3aMeruTsb, 9to npu npumenenun Y 3BY mms cxembr
— ! "
Bepuynmu B maHHOM ciydae Hy’KHO NpeacTaBuTh coObitue A; B Buge A; = A, N A/, rne

Al ={w: F,(r;;w) — F(z;),n — oo}, A} ={w: ﬁn(mif();w)—>F(mi70),n—>oc}.

BeposiTHOCTB KaxK10r0 u3 aTux coObituii pasHa P(AL) = P(A4Y) = 1, noaromy u P(4;) = 1; nanpHeiimne paccy»K IeHus
B TOYHOCTH TAKHUE K, Kak u B caydae 1). B
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2.2.3. CTtATUCTUKA KOJIMOTOPOBA

ITycrs mama caywaiinas Beibopka &1, ..., &, — HE3ABUCUMBIE OIWHAKOBO PACTIPEIEIEHHBIE CAYJIaANHBIE BeININHBT C
HenpepbiBHON (byHKuumeil pacnpenenenus F(z).
Omnpegnenenne. Cnyvaiinas semmanna D, = Dp(&,...,&,) = sup‘Fn(m; E1y.0,6n) — F(x)‘ Ha3bIBAETCA CTATH-
zER

crukoit Konmoroposa.

B repvwnax crarncrukm Konmoroposa Teopemy Immsenko — Kanrennin moxuo mepedopmynmnpoBaTs Tak: Dy, cxo-
JINTCST K HYJIIO DU N — 00 € BeposiTHOCTHIO 1 (1. e. P-1.H.).
Buy acuMnroTrdecko#t (byHKINY pACTIPEICTCHAA CTATUCTHKE /n.D,, TaeT cremyomas TeopeMa.

Teopema 2.4 (Koamoropos). Ecau gynxyus F(x) nenpepwena, mo npu aobom y > 0

oC
: _ L _1\ym 72m2y2
im P(VAD, <y) = K(y) = Y (~1)7e
m=—00
3ameuanme. /g y < 0, ouesunno, P(/nD,, < y) =0.
o0
Yuacreyomas B reopeme bynkips K(y) = > (—1)me*2m2y2, y > 0 nazwiBaerca dynkmnmeit Koamoropora.

m—=—oc

MpbI JOKasKEM TONBKO YACTH TeopeMbl KoIMoroposa, a HMEHHO CIeAYIONLYIO JTeMMY:

JIemma 2.5. Pacnpedeaenue cmamucmusyu Koamozoposa Dy (€1, ... ,&,), 20e &y, ..., &, He3a6UCUMbBLE 00UHAKOBO
pacnpedencnubie CAYSATHBIE BEAUMUNDL ¢ HenPephenotl Pynryued pacnpedesenus F(x), ne sasucum om euda dymnxyuu

0 PaccMmorpum aBa ciydas.

1) Mycrs y = F(x) HENPEpBIBHASI U CTPOr0 MOHOTOHHAs (dyHKIus. Torga cymecreyer obparHast (hyHKIUS:
x = F~'(y). PacemoTpum caywaitabie semmannnt Yy, ..., V,, YV = F(&), k = 1,...,n. QAW He3aRWCAMBT 1 WIMEIOT
OJIMHAKOBOE PaBHOMEPHOE pacnpejesenne Ha orpeske [0, 1]:

R(y) =P(Vi <y) =P(F(&) <y) =P& < F ') =F(F '(y) =y, 0<y<1.
Dmnupuyeckas QYHKINUS PACTpeIeneHus Yy, ..., Yy:

~

1 n 1 n R B
Rn(ya Yla R Yﬂ) = E Z I{Ykgy} = E Z I{gng*1(y)} = FW(F 1(y))a
k=1 k=1

rne F,(z) = Fo(z;&1,...,&) sMnupudeckas QyHKIUs pacopeienenus caydaiinoil Beioopru &1, ..., &y.

Paccmorpnm oueRmaroOe paRenCTRO

sup  |Fu(x) = F(x)| = sup |Rn(y) — R(y)|.
z: 0<F(z)<1 y: 0<y<1

Ero nesag wacth ¢ BepoaTHOCTBIO 1 coBnamaer ¢ D, (&,...,£,), a npaBasg 4acTb ¢ D,(Y1,...,Y,). Cratucru-
ka D,(Y1,...,Y,) or Buna byuxkinuu F(z) He 3aBucut, nockoabKy or F(z) He 3aBucHT pacnpele/nenue CaydaiHbIx
BEJMYUH Y7,...,Y,.

Jlis1t 3aBepIiennst J10Ka3aTelhCTha OCTaloCh MoKasaTh, uto Ha muoxkectee C = {z : F(z) = 0 v F(z) = 1}

aMnupudeckas QyHKIma pacnpegenenus F,(z) u rteopermueckaa F(x) coBunamaior ¢ BeposaTHOCThIO 1. Jlns aroro
JOCTATOYHO MMPOBEPUTH, 9TO P (sup ‘Fn(m) — F(x)‘ = () = 1. IIposepky 3T10ro dakTa MbI MPEAOCTABIAEM YUTATEIO.
zelC

2) Ecnu dyukuua F(x) npoussonbHas (HeyOBIBAIOIIAS) HENPEPbIBHAS (DYHKIMS, TO PACCYKICHUS AHAJIOTTYHBI
IPeBLIYIIEeMY CIydalo, TOILKO B 9TOM CIydae Hy:KHO HoIoKuTh F~1(y) = sup{z : F(r) = y}. Yurareno pexomen-
JlyeTcst akKypaTHO MPOBECTH PacCy KIeHnus st 3TOTo ciaydast camocTositeanno. Ml

2.2.4. Kputepun KoJMOroOPOBA

Paccmorpnm ape runoresst o dyukunn pacnpenenenvst F(x): Hy: F(x) = Fy(z) (nynesast runoresa), rae Fo(z) —
3azanHast HenpepbisHas dyukuus pacnpenenennst; Hy: F(x) # Fy(x) (anbreprarnrras runoresa).

Crarucruka KonMoroposa mo3sosser ¢opMyaIupoBaTh KpUTEPHi, CONIACHO KOTOPOMY BLIOMDAETCS ONHA U3 ITUX
JIBYX I'MNOTE3. A MMEHHO:

Kpurepnit Konmoroposa. Ecau /nD, > y., mo Hy omxaonsem (Hi npunumaem), ecau oce /nD, < Y,
mo Hy npunumaem (Hy omxaonsem). 30deco wucio Yy, HA306aeMCA KPUMUECKUM SHAYEHUEM U PAGHO Ys = Y1—o —
keanmuab yposua (1 — a) dynrxuyuu Koamozoposa K (y) (m. e. pewenue ypasnenua K(y) =1 — a).

Ha mpakTuke a1t 3aJaHAOTO (¢ KBAHTUIIb YY1 _ o HAXOAMTCs 0 Tabnwie kpauTnaei dyukmunn Konvoropona.

Hevicrearennro, no Teopeme Komvoroposa P, (v/nDy, > y«) =1 — Py (v/nDy < ¥1-a) — 1—-K(yi_a) =

1— (1 - a) = a, 1.e. BepoaraocThb ommOKu I poga npubAUKEHHO paBHa & (€CJM N JOCTATOUHO BEIHKO).
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2.2.5. BEIBOPOYHBIE XAPAKTEPUCTUKU KAK XAPAKTEPMCTUKHU DSMIINPUUYECKON OYHKIINU
PACIIPEAEJIEHU A

HamomuamM HeKOTOpBIE onpeneneHHbie B . 2.1.4 BEIOOPOYHBIE XapaKTePUCTUKH BBIOOPOUHOE CpeaHee W BBHIOO-
POYHYIO OUCHEPCUIO:
1+ ...+x, 5y (11 —2)2+ ...+ (2n—7)?

F=-——"""""" 2=
n n

Vreepxaenne 2.6. T u s> — CO0OMBEMCMEEHHO MATNEMATUYECKOE 0CUIAHUE U OUCTIEPCUA IMNUPUHECKO20 PAC-
npedeaenus (m. e. pacnpedeaenus, onpedeasemozo dynryuet pacnpedeaenusa Fr(x;xq1, ..., 2,) = Fp(x)).

O O6o3sauum sMmoupudeckoe pacupenenenue &, F,(r) dyukus pacupemenenns £. Torma ToKa3aTenbLCTBO

caemyeTr U3 COOTHOIEHNH
N = 1 n 1 n
R E=1} k=1

Dé = /(T — 2)2dF,(z) = %Z/u — )2 dl {50y = %Z(mk —z)? =42

R k=1p k=1

31ech MBI BOCTOIR30BAINCH OTPEIEICHNEM 3MITMPUYECKON (QyRKIMN pacTpelenenns, TAHEHHOCTRIO naTerpana Crui-
Theca n hopmyoit aist naterpana Cruareeca [ f(2) dg(z) = f(€)e, rae g(z) — byrkuns ogroro ckadka (B Touke &),
X

c=g(¢+0)—g((—0) Bemnuuna ckauxa. W

AHaIOrMYHO MOXKHO TIOKA3aTh, 9TO BRIGOPOYHBIE MOMEHTHI MOPAIKA k SBIASIOTCA MOMEHTAMMA TIOPSIAKA Kk SMITHpHYe-
CKOTO pacnpeenenusi. [TokaykeM, 9T0 BBIDOPOYHBIE MOMEHTBI MOYKHO PACCMATPUBATEL KAK XOPOIIUE OIEHKH MOMEHTOR
TEOPETUYECKOTO PACIPEJICTICHS.

[yctsb #1,...,2;  BBIOOPKA, MOPOKJIEHHAS] HE3ABUCUMBIME OJIMHAKOBO PACIIPEIETEHHBIMY CIyYafHBIMU BETHIH-
Hamm &1, ..., &, ~ &, F(x) — wx (Teopernveckas) dbyHkImst pacrnpenenennss (HEM3BECTHAS, WM W3BECTHO B KAKOM
KJIacce JIEXKUT, HO HEU3BECTHO Kakast uMeHHo). Eé k-Thiii MoMeHnT pareH

+0oo
= /mk dF(z), keN

— 0

(U1 MaTeMaTHYeCKOe OKUJIAHUE, [ly  BTOPOH MOMEHT, 02 = pip —pu?  Jucrepcus, W T.J1.). PaccMoTpuM BHIGOPOIHBIE
MOMEHTBI ~ MOMEHTBI IMIUPUYECKOTO PACTIPE/IeTEHNA:

1< zh + + xk b
ﬂk’nzazxfz%: /x’“an(x).

=1 — 0

Ecaw pacemarpuBath fif,, Kak OLEHKN [, TO JIETKO MOJIydaeM cileLyomme e€ CRoifcTRa:
k k
G+ +&\ _ ek .
- Mf = UEk;

1) Hecmeménnocrs: Mg , = M (
n

R o x A N P
2) CocTOATENBHOCTD: IO 3AKOHY OOMBIINX YUCEN [if n — Mg, = e = flgn — i, 1 — 00.

2.2.6. PACTIPEJEJEHUE TIOPSIJIKOBBIX CTATUCTHUK

Mycre &,...,&, — caydaiinas smiGopka ¢ Teopernyeckoii dynkimeii pacnpenenenns F(z), {qy,...,&y) — eé
MOPSAJKOBLIE CTATHCTUKH.

Haitnem pacnpenenenne £y, k € N. Ilyets Ge, () = P({ry < 7)  dynxmms pacnpenenenus &y [lpu xaxmom
durcupoBanaom = € R nmeem:

Ge, (x) =P (&) < x) = P(Fn(m) > %) = ZC;(F(T))’(l — F(m))nﬂ:.
i=k

Ipumep 2.1. lycrs F(z) dyukuus pacnpeaenenus paBHOMEPHOro pacupeaenenus ua orpeske [0, 1]: F(z) = z,
0 <z < 1. Torma

Gf(k)(x) = P(é(k) < .’IJ) = Zcfle(l - x)nii‘
i=k
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Haiigem maorHocTs 3TOT0 pacnpenenenns. s atoro mpognddepennmnpyem MyHKINIO PACTPEIETIEeHNS:

n n—1
! c D G— n—i . i i n—1)—i
(Gew, (@) = iCha™ (1= 2)" " = 3" (n—i)Cha'(1 — )" V7" =
i=k i=k
Zn(y I R L N P ORI e e
i=k
=nChlph 11— )= Lok pb )R L nCF P )R =k e (1 - )R
(BO BTOPOM paBeHCTBe BOCHIONb30BATUCH TOK AecTBamu iCl = nC’ ', (n—4)C! = nC! ). TakuM 06pa3oM, MIOTHOCTD
!
pacnpenenenns () pasaa [P(Ey) < T)}, = nCrFlzh=1(1 - ,7:)"’4’ = mmkq(l fm)nik, a ¢dbysknua
pacmpesiesnenns —
n k
e (2) = P& < 2) = G0 ﬂik,/ —" R, 0<z<t. (16)
0
Onpenenenne. [lycts a > 0, b > 0. Pacupenenenue ¢ mI0THOCTHIO
;m””l(l —a)’ o<z <,
p(z) =4 Bla,b)
0, c<0nmz>1,

1
rne B(a,b) = [t*7'(1— t)b*1 dt — Gera-dynkuns (sitrepos waterpan I poma), HaswpiBaeTcs GeTa-pacnpesenennem
0

1 A -1 b—1
a 1 _
Bl oft (1—t)" " dt

c napamerpavn a > 0, b > 0. @ynkums pacnpenenenns Gera-pacnpenenenns I, (a,b) =

(0 < z < 1) naswiBaercs HeNoMHOW GeTa-dyHKIMEH.

I'a)l
D@T®) o1
I'(a+b) 0
Ditnepa (siinepos uarerpan II poga), u ana n € N T'(n + 1) = n!, nosromy dopmyny (16) MOxKHO nepenucarb B BUIe

oC
13 maremaTnHeckoro anann3a nasectno, uto B(a,b) = = [2* e ®dr — ramma-pynkuus

1 f n—

0

Takum 0HpazoM, HAMHU JOKA3AH CJIEIYIOMNN PE3YIbTAT.

Yreepxkaenune 2.7. Pacnpedenenue nopadkosoti cmamucmuru §(yy, 1 < k < n, das caywaiinot ewbopru &1, . .., &y
¢ pasnomepnvim pacnpedesenuem na ompese [0,1] asasemcs 6ema—pacnpeﬁeﬂeuuem ¢ napamempamu a = k, b =
n—Fk+1.

3ameuanune. OyHKIUS PACTPEICTCHUS MOPSIKOBLIX CTATUCTUK B CIydae MPOU3BOILHONU HEMPEPBIBHOH (hyHKIUH
pacnpezenenns I'(x) cayuaiinoii seibopkn &y, ..., &, nveer sug P({y < x) = Ip,)(k,n —k +1).

2.3. ®dyHkuunsa npasgonogobusi. PerynsapHble moaenn

IMycrs B Hekoropoit crarncruyeckoit momenn (X, o/x, P = {Py,0 € O}) nmeercs Bribopka & = (z1,...,Tn),
TIOPOKIEHHAS CIIy9aiHON BRIOOPKOi &1, ..., &y ~ £(0), rae caywaiiapie Bewannnr &1, . . ., &, HE3ABUCUMBI W OJIMHAKORO
pacnpegenennl ¢ Gyuknueil pacupenenenus Fy(z), § € ©  napamerp pacupee/neHusl.

Onerka mapamerpa  — 310 noaxomsmas cratucTuka (n3mMepnmas QyHKIUSA OT BHIGOPOIHBIX JAHHBIX): 6 = é(m)
IMycTh nmerorest gpe onenku napaMerpa . Qnpegenanm, 4To 3HAYNT, 9TO OJHA OLEHKA <«JIydIie» APYToi.

Onpe,ueﬂeHIzIe ITycts 6, v 65 — npe ouenkn napamverpa 6. ToropsT, 9TO OIEHKA 6, sydme (WJIn mTpenoaTHTE Th-
Hell) ONeHKw (92, ecan

Mg (6, — 6)° < Mg(Bs —0)° V€O,
~ 2 ~ 2
u 36;: Mgo (91 — 90) < M90(92 — 90) .

Onpegenenne. IddeKTUBHOI OIEHKON TapameTpa § HA3BIBAETCS HECMEIEHHAsT OIEHKA ¢ MUHUMATLHON JUCIep-
cueil, T. e. Takas OMeHKa 6%, s KOTOPO BBIIOJIHEHBI CISAYIOMEe CBONCTBA:
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1) Mgd* =0 V4 € O;
~ 2 ~ 2
2) Mg(e*—e) = mir} I\/I9(9—<9) .
f: Mgf=6
Hanomuanm, 94To [JIsT HECMEIIEHHBIX OLEHOK CPEIHEKBAAPATHIHOE OTKJIOHEHWE COBIMAIAeT C AWCTIEPCHei:

Mg (6 — 8)” = Mg (6 — MA)” = DA.

Taknm obpazom, 3¢pdexkTuBHAS OIlEHKA — 9TO HAWIYdIIasi U3 BCEX HECMEIIEHHBIX OLEHOK. AHAJOTWYHO MOYKHO
onpenenuTsh 3pPEKTUBHYIO OLEHKY B KIACCE OLEHOK C 3aJAHHBIM cMemenueM A: Mgél = Mgég = A.

Hac Gyayr unTepecoBaTh JBa ciydas: pacupeienenue £ IUCKPETHO (¢ pacupeneneHueM BeposTHocTed Pg) mnu
abcomoTHO HenpephiBHO (¢ TIoTHOCTRIO p(f;2)). YTobH B mampHelNIeM He PACCMATPWBATH 3TH CIy9awW OTAEIHHO,
BBEJIEM CIIEyIoImee yao0Hoe 0b03HateHne:

[(6:3) = Po(¢ =x), ecnam momenr auCKpeTHA;
e (0; ) ecu MozeNb aBCOMIOTHO HETPEPBIBHA.

B panwmeiinmem mpuaeTcs WHTETPHPOBATH TI0 BHIOOPOTHOMY TPOCTPAHCTRY, TIOITOMY OTMETHM, 9TO €CIIW MOIEsh
JINCKPETHA, TO WHTETPUPOBAHWE 3aMEHSETCS CYMMWPOBAHWEM (/11 KPATKOCTH, MbI OyZIeM MPOBOINTE BCE BRIKIAIKA
JI1st aDCOMTIOTHO HETPEPHIBHON MOMIENN).

Omnpenenenne. Oynkumeit npasgonogobusa (st JAHHON BHIGOPKY 1, . . ., Ly) HAZBIBAETCS CAEAYIOMAA (DYHKINS

(mapamerpa 6):
n

L(O;a,...,2n) =[] f(6:2:), B€O.

i=1
B nanbueiimem mis Kparkoctu Mbl Oygem mucarb L(6;x) = L(0;x1, ..., 2,), 2 = (T1, ..., Tp).

Ounpeesienne. CraTucTuyeckas MoJeb HA3BIBAETC peryisaphoii (no Pao Kpamepy), eciy BBIIONIHEHBI CIELYIO-
MHe YCIOBUS (PeryIsapHOCTH):
1) L(#; x) > 0 v anddepernmpyema o § VO € O n Va € X;

In L(4; n 9o f(6; 2
2) Chnywaitmas Benwuanna U(0;x) = Bnaigo,m) =3 %(j,mz)
i=1

(koTopast HaszwkiBaeTCs DYHKINEH BKIAIA
BBIOOPKH) MMEET OrPAHNYEHHYIO JAUCTIEPCHIO:

0<MU@#;z) <o, VOEO.

3) Hna noboit cratuctuku § = 6(x) uMeer MeCTO PABEHCTBO

39/9 m:/é(m)%dx

X
(D10 03HAUAET, 9TO BHIGOPOYHOE MPOCTPAHCTBO X HE 3aBUCUT OT mapamerpa ).

ITpumep 3.1. (meperynsiproii momenw). Pacemorpum momens R(0,6) (parHOMepHOE pacmpenenenne Ha OTpeske
(0,0), 8 > 0). YenoBue 3) peryiasipHOCTH s 9TOH MOJE/IU He BBIIOTHEHO:

[ [ [
0 1 0 (1 0 0 (1 1
%(/ad‘”)‘ﬁae)‘%(”‘o’ o /%(5) /9— =7y
0 0 0

Takum 06pa3oM, 3Ta MOIETh HE SIBISETCS PEry/IsiPHOIA.

Banaua 2.2. Iposepums ycaogue pe2ysapHocmu 3) 04 IKCNOHEHUUAALHOZO PACTPEIEACHUA ¢ NAOTIHOCTIBIO

() = e’(z’g), z > 0;
Pol®) = 0, x<0.
2.4. Konunyectso ungopmauu Puwepa. Hepaserncteo Pao— Kpamepa

2.4.1. "HoOPMALIUA PUIIIEPA

IIycth Mozens perynsipra. Pacevorpum toxaectso [ L(6; z) dz = 1 (oro BBIMONHEHO, Tak Kak L(6; £) — niaoTHOCTH

X
pacmpeenenns CaydaifHoro BekTopa &1, . . ., &y ). [poanddeperunpyem ero mo 6:
Oln L(6; T)
——L(#;x)dr =0.
90 / / g Liw)de=0
X
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OTciona ciemyer, 910 MareMaTHIeCKoe oxkuganue GyHkimu Bkaajga pasuo 0: MyU(0; z) = Mg%ﬁgm =0.

Ounpeesnienue. Konnyecrsom undopmarnuu @uinepa (wau npocro undopmanueii ®uniepa) Ha3bBaeTCs TUCIED-
cus (QYHKIME BKIAIA!

I,(8) .= DgU(6; ) = MpU?(6;2) = / (%) L(6; x) dx.

Konuuecrso uadopmamun s opHoro Habmogenus pasao [ () = [ (%;97)) f(8;2)dx, a mockonbKy Ha-
X
Gmonenus (caydaiiubie Benudunbl) £, ..., &, He3aBucuMbl, TO uHbopMaimsa Pumepa 0 BHIGOPKE pa3Mepa n paBHA

1,(8) = nI, (6).

2.4.2. HEPABEHCTBO PAO — KPAMEPA

IMycTh uMeeTcst peryaspHas MOJEIb ¢ NapaMeTpudeckuM cemeiictBoM pacnpenenenunii & = {Py, 0 € 0}. Cnexny-
I0I[As] TEOPEMA JIAeT HUKHIOK TPAHUILY JUCIEPCHH OIEHOK MPOU3BOILHON quddbepeHnupyemMoii pyHKIUM OT HapaMer-
pa 6 B Kj1acce OIUEHOK C 3aJaHHBIM CMEIIEHNEM.

Teopema 2.8 (Hepasenctso Pao— Kpamépa?). ITycmv modeav ¢ napamempuueckum cemeticmeom pacnpede-
aenuii P pezysapna, x = (T1,...,%,)  66I00PKA, U NYCMb HEKOMOPAA CINAMUCTIUKA é(T) ouenusaem dugdpepen-
yupyemyro gynxywo 7(0) napamempa 8. Obosnawum b(0) = Meb(z) — 7(0) — cmewenue ouenwu 0(xz). Ecau b(6) —
ouddepenyupyeman GYHKUUA, MO CNPAGEIAUCO HEPAGEHCTNEO

j [7'(6) + b (8))?
Dy(0(x) — 1(0) — b(0)) > —————,
2de I,(0) — woaunecmeo ungopmayuu Quwepa o swbopre . IIpu 3mom HEPABEHCMEO 00PAULAEMCA 6 DABEHCMEO

mozda u moavko mozda, Kozda ouenka O(z) asasemea sunetinot Gynxyuet sxaada swbopxu, m. e. 8(z) —1(0) —b(8) =
a(0)U(6; z).

B uwactHOCTH, ecnin oueHKa 9(T
O Io onpenenenuto cmernenus onenku §(x) umeem 7(6) + b(0) = My (z). lpoaud depenuupyem 3T0 paBeHCTBO,

) mecmemennas, Mgf(z) = 7(6), 1o b(6) = 0, u ¢ yaerom I,,(A) = nl; () mepasencTso
2

IPUHAMAET B Dgé(l‘) >

sanucas Myf(z) B BuIe uHTErpaia u MONb3YsCh YCIOBUEM PEryasipHOCTH 3):

() + =5 / L#;x)dr = /é(a")al%ée’ﬂl}(ﬂq‘) dr = /é(T)U(F)T)L(F)T) dr = Mg(é(m)U(ﬂ;m)).

X X

Yuureias, uro MaU(8; 2) = 0, nonyuaewm:

7'(0) + b'(0) = I\/Ig((-)( U (0;2)) = My [(é(a") —7(0) — b(8) + 7(8) + b(6))U(6; )] =My [(é(a") —7(0) — () U(6; 7))+
+(7(8) +b(8))MgU (8;2) = My [(é(m) — Mgf(x)) (U (8;x) — MgU(G;m))} = covy(A(z),U(6; ).
pumennm x covg(A(x), U(0;z)) mepasencrso Komn Byusikosckoro (cov(€,n))? < DE - D

(r'(8) + ' (8))* = (covs(B(x), U(6;2)))° < DpB(x)DpU (8; ) = Dy ((z) — 7(6) — b(B)) - I ().

Otcroma ciemyer TpeGyeMoe HepaBeHCTBO. A Tak Kak HepapeHCTBO Komm ByHAKOBCKOro npeBpamaercs B paBeH-
CTBO TOTJa W TOJILKO TOTJa4, KOTJa q)yHKHT/TW (B HarmeM CJaydae CﬂyqaﬁHBTe BeJ_H/]LH/]HBT) JVHENRHO CBA3aHBI, TO U HaIIe
HEPABEHCTBO MPEBPAIIAETCH B PABEHCTBO B TOM M TOJILKO TOM CiIydae, Korna (Ipu KaskioM 6) é(T) u U(0; x) nuueitno
crsizanb: 0(z) — 7(0) — b(8) = a(9)U(8; z). Teopema noxazana. B

2.4.3. CEMENWCTBA PACIHPEJEJEHNUN 3KCHOHEHIIMAJIBHOTO THUIIA
Ecnm mer Gyzmem paccmarpuBath Hecmemgénubie onenkn mapamerpa 6 (b() = 0, 7(8) = 6), To parercTBO B Teopeme

Kpamepa Pao (Df = 1,,(0)) mocruraercs upn

Ol L(0;xy,...,1y,) A
ol

2a e Kpawmepa!
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rae K we 3aBucnT OT BHIOOPKW (3TO yCIOBWE MPOMOPIMOHAIBLHOCTH, PN KOTOPOM HepasercTBO Komm — Byrskosckoro
obpamaercst B paBercTro). Orcrona

LO;zy,...,2n) = Clzq,. .. ,mn)e”’l(9>é(ml"“’“")+“2(9).

Mpub1 nosmyuwnin ssBHBIH BUA PYHKIUA MTPaBA0NOA00Ms. DTO MJIOTHOCTH MapaMeTPUYecKoro ceMeiicTBa, pacnpeaeaennii,
MPUHALIEKANX K TAK HAZBIBAEMOMY 3KCNOHEHUUAAbHOMY muny. [IpuMepaMu Takux pacnpemeneHuil ciy>kar OHHO-
MHAIBHOE, MOKA3aTeIbHOE, HOPMATIbHOE U APYyTHe.

2.4.4. MHOTOMEPHBIN CJIYUAH

Mycte § = (61,...,05)7 — mexrop-mapamerp, & = {Py | § € O}. Paccmarpnpaercs omenka 6

Il
—_
>
>
w
~—

1. = 0y, (z1,...,%n). Honoxkum

_OInL(B;x1,...,2n)

A= A=, 070
J 697 ( 1, 5 )

B MHOromeprom ciywae pok AWCTIEPCH WTDACT KOGAPUAUUONNaA mampuya X = Ty = Mg((é(f) — MO(E)(6(€) —
Mé(f))T); X = (i), 0ij = M((é, - Mé,)(éj - Méj)) = cov(éi,éj); 0y = 07 JUCIepCHs, OCTAIbHBIC  MONAPHbIE
kopapraunu. HecMeménnoceTs onenkn 3a038TCA paBeHCTBOM Mgé(f) =0.

Awasnorom kommvectna wrdopmann @umepa ssasercs ungopmayuonnas mampuye Puwepa J(0) = Mgo(AAT).
Mpeanonoxnm, uTo 3ma MaTpuna obparuma (cymecrsyer .J1(6)). Torma wmeer mecto amasor teopembl Kpavepa —
Pao: marpurna Zé(&) — J71(f) sBnseTca HEOTPUIATETLHO OTIPEIETSHHOIM.

2.5. MeToabl nony4YeHns oueHoK

2.5.1. METOJ MOMEHTOB

PaccMaTpHBaeTCst CTATHCTHYECKAS MOJIETh ¢ S-MepHBIM mapaverpoM 6 = (f1,...,0,). mg(0) = M&F (i =1,... . n,
— G,
- n

BLIGOPKA TOBTOPHAs)  k-ii MOMeHT (MCTUHHBIH); My (6) SMIIMPHUYECKHH MOMEHT. IIpenmonoxum, 94ro
MEF = mg(0) < oo. DMIUpHUECKHE MOMEHTBI SBISAIOTCS ONEHKAMMU JIIsS UCTHHHBIX. SANHIIEM CHCTEMY MOMEHMHbLE
ypasHeHul:

mg(6r,....05) = m*

1<k<s
PaccMOTpuM TOYYeHHY0 CHCTEMY OTHOCHTENIBHO NepeMeHHBIX 1, ..., 0. IlycTh cymmecTByeT eIMHCTEeHHOE peleHne
f; = fi(ma,...,Mms) (1 £ j < s). Mbl monyaunn HeKOTOPYIO OHeHKY i §. Crenymoomas TeopeMa COOGIIAET, ITO

OIIEHKa HE COBCEM TIJIOXaA.

TeopeMa 2.9 (O COCTOATEJIBHOCTU CTATUCTUYECKUX OIIEeHOK, MOJYYeHHbIX METOJO0OM MOMeHTOB). Hycmb

O1,...,05 ecmo peusenue cucmemo, MOMEHMHLLT Ypasrernud u nycme dynsyuu f; nenpepwens. Tozda ouenku 0; =
. . . AP )
fi(ma, ..., M) 044 BCET | ABAANOMCA COCTNOATNEABHMYU OUEHKAMU Napamempos 8; (m.e. §; —— 6, daa ecex 7).

Jj s , Mg . 7 oo .

. ~ P
O 9r0 cremyer W3 HEMPEPHIBHOCTH f; W aCHMITOTHYECKOTO CBOMCTBA MOMEHTOB: Mg (n) —— my(6). M
’ n—oc

— . 7 o= 1
IIpumep 5.1. Cxema Bepuymmu. p = M mapamverp (BeposTHOCTH ynadu); &; Lum 0.7 = ~(zy +--- +
Zp)  TEpBbId BHIGOPOYHDLIA MOMEHT. p =T  OIEHKA P [0 METOLY MOMEHTOB. DTO XOpOIas OIEHKA (HeCMeléHHasl,
cocrodTenbHas, apdekTuBHAS B CMbICIe HepaBeHcTBa Kpamepa Pao).

Ipuwmep 5.2. &,...,& ~ N(a,0%), M§ =a, D¢, =02 T =4  xopomas OreHKa. 02 =42 = L 2>+ +

(2, — T)?) — BHIGOPOTHAS IWCTIEPCUST — CMEMIEHHAS OIEeHKa, 02. JTO OIeHKH, MOMy9IeHHRIe TT0 MEeTOAY MOMEHTOR. A

ROT TaKas OLIEHKA: 02 = SQﬁ SIRJISIETCS HECMEIIEHHO.

2.5.2. ACUMITOTUYECKHUE CBOMCTBA OIIEHOK

1. Cocmosmeavnocms ouenku. {Py | 0 € O}  napamerpudeckas MoIe/b, 6,  OIEHKA 1O BHIOOPKE JITUHBL 11, By

A P
ncTuHHOe 3Havenne napaverpa. Ouenka cocroaTenbra, ecam 6, — .
n—o0

2. AcumMnmomuneckas HecCMEWEHHOCTD. Mgb,, —— 6 (1. e. cmemenue by, (0) = Mgb,, — 6 —— 0).
n—oo n—oc

3. Acumnmomuneckas HOPMAALHOCTMb. B, aCUMTITOTHYECKN HOPMAJIbHA, €CJIW CYIIECTBYeT MOHOTOHHO CXOISALIASACS
K HYJIO TOCIEI0BATEILHOCTD MOMOKUTENIbHBIX THCETT {cn};'c:] Takas, 9T

O, — 6

Cn

4 Z ~N(0,1)
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(cXOAMMOCTE TTO PACTIPEIETIEHNIO K HEKOTOPOH CJIyqaiiHON BETMYWHE CO CTAHAAPTHBIM HOPMATHHBIM PACTIPEEIE-
On—0
Cn,

uuem). FoBopar, uro acumnroTuuecku HopMasibha ¢ N (0, 1), a 8, acumnrorndecku nHopmanbua ¢ N'(8, 2 );

0 ma3RIBAETCA ACUMIITOTUYECKUM CPEIHUM, a ci — aCWMTITOTUYECKOW aucnepceneit onenkn 6,. AcuMmnTornaeckn
HOPMAJIHbHAS OIEHKA ABTOMATHUECKHW SIBJISETCS aCHMTITOTHYECKW HecMmernénmoit. B kawecTre ¢, 06brano Gepyr

B 2 B

& = "T@ (02 Fie 3aRMCHT OT RBLIDOPKW).

Ipumep 5.3. Cxema Bepryamm ¢ napameTpoM p (BepoaTHOCTD yemexa). &1, ...,&,  BBIGODKA.
b+t _ ~_p(l—p) _*(p)
p=———"", Mp=p, Dp= = :

n n n

D acMMTITOTHYECKW HOpMaJIbHA B cuity Teopembl Myaspa — Jlammaca (IITIT). (O6rrano wepes 3Ty Teopemy acumr-
TOTHUYECKYH) HOPMATBHOCTE U JOKA3BIBAIOT. )

— 2
Mpumep 5.4. &, ...,&,, & ~ N(a,02). DE = Z-.

n

4. Acumnmomuueckas spgexmuenocms. Paccmorpum cemeiicTBO pacnpenesieHuil, MOAYMHEHHBIX YCJIOBUSAM DPery-

JSIPHOCTH, JIJIs OLEHOK MapamMeTpoB KOTOPOro mmeer mecto HepasenctBo Kpamepa—Pao. 1/1,(0) — wnmknss
rpaHuna gucnepcuii Beex orneHok. Koaddunuent adbdexkrusnoctu onenku: e, (6,) = %. 0 < en(dn) < 1.

Ecmu e,(6,) = 1, To onenka HazbiBaercs 3¢GdEKTUBHON. €5 (6,) = lim e,(6,,). Eciu ex(6,) = 1, To onenka
n—oo
HA3BIBAETCST ACUMITOTHICCKH 3(DPEKTUBHOIA.

Acumnmomuueckas 3PPexmusHocmd 6 PAMKALT ACUMNMOMUYEcKolt Hopmaavhocmu. Ilycts 6, acwvmroTnae-
o2(6) " "
ckn Hopmanbha ¢ N (6, 7). Ona nazwpaercss acumnrorndeckn 3deKTHRHOI (B PAMKAX aCHMITOTHYECKO#

HOPMAJILHOCTH), €CJIN

1/1,(0)
RO r——

2.5.3. METOA MAKCHUMAJIbBHOTO (HAUBOJBIIIETO) IPABOOIIOJOBUS

Ipuamun MII B mpocreiinmem caywae [lpwamum MII 6611 paccvorpen emé Tayccom B crneaymormeit dhopwme:
HaWJIEM TakWe 3HAYEHWS TTapamMeTpoB, 9TO0RI BEPOATHOCTH MOJIYYAThH JAHHYIO BRIOOPKY OBLIa MakCHMambHON (Gepém

rglaé( Po(&s = m1,...,& = xn) = Po (& =11, ..., & = xp)). 0° — onenxa MII (ranGomee mpasmonogo6Hoe 3HATEHNE
€

9).

O6uiag curyauus 2i,...,%, BoibopkaB (2,9, P), P ={Py| 60 € O}. L(O;21,...,2,) dyHKIMS OPaBIOIIO-
no6wst. Bosemém 6* takoe, 94To
sup L(6;21,...,2n) = L0 21, ..., %)

(ecmu TOYHAS BEPXHSAS TDAHDb JOCTHIAETCA). #* HA3BIBACTCS 0UEHKOT MAKCUMAALHOZ0 npasdonodobus (OMIIT).

Ipumep 5.5. &1, ..., &, B3aNMHO HE3aRUCUMbI W DaBHOMEDPHO pactipenesenst Ha [0,6]; § € @ = (0, 4+oc).
LO;zy,...,xn) = fo(z1)--- - fo(xzn), vue fog(x) = %I[O;(ﬂ () maoTHOCTL paBHOMEpHOro pacnpegenenus. L # 0 rorma
U TOJBKO TOrAa, Korga s Beex i x; € [0,6].

1
e T <O
0 B uHOM cryvae

dcno, uro makeumym L nocruraerca npu § = 0* = x(,,) = maxz;. §*  OMIL
2

MMpeanonoxum, aro byuxius L0z, ..., z,) muddepennupyema no napamerpy 6 (# € © C R). Torma OMII

. ALY
MOXKHO HaliTh, permasi ypasnernue npasdonodobus: 3g> = 0 (nam mepexogum K jorapudmam: ag;L = 0, ecom 310

BO3MOXKHO). B ciyuae © C R¥ monyuaem cucremy ypaBHeHwuil.

Teopema 2.10 (o cBoiicrBax OMII — Teopema [rore). IIpu swnoanenuu yeaosuii peeyasprocmu (x) OMIT
06.A00aem CACOYIOUUMY ACUMNMOTMUYECKUMY. CEOTICTNEAMIL:

1. cocmoamenrbHocmb;
2. aCUMNMOMUYECKAA HOPMAALHOCTD U ACUMNMOMUNECKAA IPPHERMUSHOCT.
Yenosusa peryasipHocTH (x):

1. 0 o o R: Alnf H%Inf &°Inf 9co
. — HEBBIPOXKIEHHBIN 3aMKHYTRIN WHTEPBAJ Ha IX; CYIIECTBYIOT ~55=, ~5mm, ~pzp3 A4 U € ©O.
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2. st Becex 0 € O:

S ol 96° 96°

Oln f 8%1n f 8%1n f
& < 92(a), < Ho),
e g1 m g naTerpupyembr Ha R, a H obmamaer ciaegyionmM CRBOHCTROM

Mg H = / H(T)fg(?") dr < M

— 0

(M me 3agucwur or 6).

0<I(0) = 70(81“’[) fo(z) dz < 0.

— 00
OTu ycnoeus comepxkar yemosus Kpamepa Pao
Jlemma 2.11. Ilycms

By — %zn: (8111]%;(5,;))

, 00
=1

1 (9 In fy3(&)
8=0, b= n ; ( 06> )

2

1 n
B, =—> H(&)
_ n
=00 i=1
P P . P
(6ce B; asadtomea gyukyuamu om &1, &,). Tozda By — MBy = 0; B — MBy; = —k?, 2de k> = I,(); By —
MH (&) < M (npun — o).
O [IIpemenbubie coiictBa Bi, Bs u By cnenytor u3 3BY (B, asnsaiorca cpenHuME apudMeTHYeCKIMY HE3ABU-
CUMBIX OIWHAKOBO paCl‘lpe,ﬂ;eﬂéHHTﬂX CﬂyqaﬁHBTX BEJINYHNH C KOHEYHBIMU MATEMATUYECKUMHA O)KVT/IE‘LHVTHMW)

B ycaosusx peryasiproctn mensieMm andepeHinpoBaHue 1o # u nHTerpupoBaHue

O () 7°61nf9(

“+oc
Ofp(x) 9 _
L Jola) g fg oo a@)de = o [ fota)dz =0
—oo —o ~
OTC}OﬂaMBO—%i mnf” i) -,
VTRepkaenne I\/IB;: —k? BRITEKAeT U3 CIIEAYIOMIEH BLIKIAIKNS:
WP h© o omp@ 7“3( 2B fyy -
02 89 90 ) 00 \fo@) f -
L 0f) B, o [k 1 (0@ 1
/fg G g [ S s ne = [ (5 gt
p TR0

+o0 2 oo h
+ 503 / fo(z)de = — / <Mf9(m)> 1

96 @ “ = / (%T'Z(» folx) da

M (51nf9(§)
]

Jlemma 2.12.

1. X, —>XY—>0:>X +Y, —>X
n—>oo

QXHXZ*H:XZ HXX/Z *>X
n—o0

3 JlexTop Ha Heé 3a6mI, HO I BCE JKe IPHBELY €8 npumen. C. K.
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(910 — 331894 IO TEOPHUM BEPOSITHOCTEI )
O [Hdoxazameavcmso meopemo, Jroze]

Aln fy(x) Oln fy 8%1n fq 2
— = Tei = 0 —0y) —— —7(60 —09)°H
50 {paznoxenne Teitnopa} B |, + ( o) |, 7( 0)* H(z)
(z € R, |7| < 1). Benomunaem, uro L(6;21,...,2,) = fo(z1)--- - fo(xr), m mepenmcrIBaeM ypasHEHME TPABIOTIONOOWST

B BUIE:

1
BI(§) = By + (6 — 60) By + 57(9 —60)°By = 0.

Bamaanm € > 0, § > 0 — mamwe uncna. Beibepem n > ng(d, &) Tax, aTo6ht

P (|Bo| > 6%) <

2
p (Bl > —k—) % P(|Bs| > 2M) < %

Wl m

Homnoxum S = {z | |By| < 6%, By < —3k?,|B2| < 2M}. IIpun > ng P(S) > 1—¢. Hycrs o € S. Honoxum § = 6y £ 4.
Tak kak |Bg + 157'5232| < 6%(1 + M), npw mamerx 8 s3Hax sepaskenns bl(0) = By F 6B, + 1—75232 OTIpeeIsaeTcst
BTOPHIM ciaraembiM. [loaromy (nmpw manwix 6) ecoam 6 = 6y — §, TO a'“ L >0,aecomf=6+96, o 8'“ L <« 0. Orcrona
no menpepwierOCTN 30* € (6 — 5,600 + 6) 1., 31" L ‘6 o = 0, me. 9* — Touka mMakcumyma. rak, ¢ BepOHTHOCTBIo, HE
MeHbIneil, vem 1 — £, TOYKA MaKCHMyMa, neme B (90 — 8,60 + 4), OTKyza CIemyeT COCTOATENBHOCT.

JokarkeM acCMMNTOTHYECKYI0 HOPMAJIBHOCTh W acuMNITOTHIeCKY 0 dddextnsrocTh. Mmeem bI(*) = 0. Orcrona

B
0" — 6 = 0
—B1 — 57’((9* — 90)32
Hamee (k> = I, (9)),
1N~ 9Inf(&)
0 — 0o Vnk? 7‘; o6
\/:;,k? B4 1570* 2By
Y; = M"ng(f") — He3aBWCWMBIE W OOWHAKOBO pactpenenénupie ¢ MY; = 0w DY; = I\/IYi2 = k2. B cunry IIIT wucanrens

0l i
L

B cnny memwmnr 2.11 By E) —k2, By E) MH (&) < M, oTkyzma 3HaMEHATENP

B] 1 9*—90 P
_ﬁ + ETTBQ —1

(BTopoe craraemoe oueHnBaetcs depes 51 (0* — 6g), a 6% —fy < 6 — 0). Torma (s cuny TIPMMbI 2.12) Vnk?(6* — 0,)
acumnrorTiaeckn nopmaikha ¢ N'(0,1). Orcrona 6* acumnrornaeckn nopmansha ¢ N'(fg, =1z ), & T. K. acuMnToTHIeCKas!
gmcmiepenst nk? = I,,(0), To 8% acwvmrotrdeckn abdexTrRRa (B paMKax acHMTITOTHYeCKOH HopMaahrocTin). H

Banaua 2.3. [Iyems &P = {Py | 0 € O}  pezyaapuoe napamempuueckoe cemeticmeo pacnpedesenuil. Joxaxncume,
wmo ecau cywecmeyem afdexmusnan (6 cmuicae nepasencmea Kpamepa Pao) ouenxa 6, mo 6 ecms OMIIL

2.6. O cBoiicTBax nHcpopmaynm duwepa

P ={Py| 6 € 0O}, xy,...,2, — uibopra. L(0;z1,...,x,) — bynkuns npasaononobusi. Mndopmanns Oumepa:
OInLB:&,..., &)\
In(e)—l\/l9< ( 65; ¢ )> =: I¢(6).

I8(9) = I,() (I¢(A) wmmdopManusa B BEIGOPKe £ 3TO MPOCTO Takoe obozHadenne). Ina nndopmammm Oumepa
BBLITNIOJHSIOTCA BCe OOBIYHBIE CBOHCTBA MH(MOPMAIHK:

Yreepxkaenue 2.13 (cBoiicrBa uadopmanuu @uinepa).

1 I8(0) = IS (0) 4 - - + 15 (), ecau &1, . .., &, HesasucumbL.
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2. Jaa nosmopnoti ewbopru I¢(0) = nI¢ (6).
3. Ilyemwv (X,€)  usmepumoe npocmparcmeo 3uadenud cmamucmuru T, Qg pacnpedesenue cmamucmury
T, L(A;T(x))  pymryua npasdonodobusa drs T(x) (cmamucmura T ne obazamervro oonomepna), 17 (4) =

In L(6; T
My (W) — ungopmayus Puwepa 6 cmamucmure T. Tozda I6(0) > ITE) ().

O JokaxeM TOMbKO MYHKT 3 (OCTANbHBIE TPUBUAIBHBL), 1a U TO JHUIIL B JUCKPETHOM CIydae.
L(6:2) = Py(E = ). i i
L(6; T(x)) = L(B; 1) = > Py((=2)

z:T(z)=t
-~ 2 ~
OlnL(A;z) IOlnL(6;T(x)) OlnL(A;x) OlnL(6;T(x)) T
<M el i = I5(9) — 2M ala ' 17 ).
0< M ( a9 a8 (6) = 2Mo | —, a6 + IO
Hanee (3mech MTPUX 03HAYAET TPOM3BOIHYIO TIO 6),
L'(6:t) = Z Py =x) = L'(#;2),
z:T(z)=t z:T(z)=t
OTKYZA
InL OlnL L'B; z) L'; T(x L'(6; t
Mg(&@n >_Z ('57').~(5 (T))L(HZE):Z~() LI(H.’E):
90 90 t wT(x)=t L(6; =) L(0; T'()) 7 L(0; 1) v T(2)=t
- ~ 2
o, 4 _ / h.
T L(B; 1)  \ L(; 1) L(#; T(8))
nosromy 0 < I6(0) — 21T (9) + 1T (9) = I5(0) — T (6), 1o ectn T5(0) > ITE) (). W
2.7. [docTtaTto4Hble CTaTUCTUKM
(2, o, P ={Py| 0 € O}) — napamerpnveckast MOJEJb; L1, ..., Ly — BHIOODKA.
Omnpegnenenne. Cratncruka T(x) = T(x1,...,x,) Ha3pBaeTCs docmamouwnoti (Ays1 JAHHON MOIENW), €CaN JIJIst

Beex A € O u anda Bcex A € &7 yenoerasi BeposiTHOCTb Py(A | T(€) = t) He 3aBucur or 6 mns Beex #, i KOTOPBIX
OTIPEJIETIEHA yCAOBHAS BEPOATHOCTD.
HaiiTi mOCTATOYHYIO CTATHCTHKY TIO ONPEJETEHUI0 HE PEICTABISETCS BO3ZMOKHBIM.
IIpumep 7.1. Cxema Bepuynnu. T'(z) = Y x;. IIycts t u x takoser, yro T'(x) = t. Torna
Po(&§ = 1) gt(1 —o)nt 1

Py(=2|T() =1t) = Py (T(E) = 1) = CrorT — ) = o He 3aBUCHT OT 6.

Cnenoparensho, T(xz) = > . x;  IOCTATOYHAS CTATHCTHKA.

Teopema 2.14 (kpurepmuii gocrarounocru — reopema Heilimana — @urmrepa — reopema o ¢pakTopusa-
mun). T — docmamounas cmamucmuka mozda u MoabKo moezda, K02da umeem mecmo caedyrousee npedcmasaenue
Pynryuy npaedonodobus:

L(0;x) = go(T(x))h(x)  go(T(x)) = g(6;T(x)),
20e gg u h — neompuuyamensvhbie usmepumoie Pynryuy (kascdas — 6 ceoeti obaacmu,).
Sameuanwne. L(f;2) I1IOTHOCTH COBMECTHOrO pacupeienenus £y, . .., &, 10 HeKOTopoil Mepe p; cemeiictBo {Py}
abCOMIOTHO HENPepPBIBHO OTHOCUTEILHO MepHI fi, INOTHOCTE  npousBomHas Pamonma Hukommva. HaM BaKHBL mBa
cayvas: a) pu — mepa Jlebera, 6) g — canTaromas Mepa.

O [Jloxasameavcmeo das duckpemnozo cayuas] x € & BoIOODPKA.

Po(E=2) T(x)=1t *

Pg<f—x|T<£)—t>—{(W’ T(o) # 1

4MTextop mcnonb3osan crpannoe obosnadenme x € {x | T(z) =t}  npumen. C. K.
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Heobzodumocme. llycrs T — nocrarounast craTucTuka. Torga moJIoKuM

_ Pl =1
Po(T'(§) =1)

orkyna L(02) = Py(€ = 7) = Py(T(€) = 1) - h(x) = go(T(x)) - h(x).
Jocmamounocms. Iycrs T'(x) = t. Torga

h(x)

— He 3apucuT oT B B cuiy mocrarounoctn T,

)

i k) R
Po(§ =2 |T(&) =1) = S go(Hh(z) X h(z)

— He 3aBUCHUT OT 6,

nosromy T — mocrarounas crarncruka. Wl

2.8. YcnoBHOe maTtemaTndeckoe oXXugaHuve

Omnpegenenne. [lycts (€, o7, P) — BeposTHOCTHOE MPOCTPAHCTBO, £ — &7-n3mepnumas dyHKIns (Caydaiinas Be-
anuanna), € — o-noganrebpa B . Torga ycaosuvm mamemamuueckum oorcudaruem (YMO; obosnavenue: M(E | €))
¢ ornocurensuo € (6omee Touno, sapuanmor YMO) HazbIBaeTCS Cayuaiinas pemuunna &(w), YAOBIETBOPSIOMAS Cle-
JNYIOIIUM YCTOBUSIM:

1. € €-u3mepuma;
2. nns Beex C € €

C/EdP —C/édp, r.e. MéTe = METc.

Bameuanmne. £ He obszaHa ObITh € -u3MepuMoil (MHAYE ONpeIE/NeHHe TPUBUAIBHO: BO3bMEM & = &). YMO ecrb
OCpeIHEHNEe CIYIANHON BeININHBI, ITOOBI TA CTATIA U3MEPUMON OTHOCHTEILHO Ooee TpyOoil o-anrebphl.

Crenyromue aBa yTBEPKIECHUS OOOCHOBBIBAIOT KOPPEKTHOCTD ONPEIETEHUS:
Yreepxkaenue 2.15. Bapuanms YMO cywecmeytom, ecau M|E] < oo.

O Caauana pacCMOTPHM CILydail HeOTpULATEIbHON ciaydaiinoii enmdannst {. Q(C) := [ € dP oupenensier Mepy Ha
C

(Q, %), abCOMOTHO HENPEPBIBHYIO OTHOCUTENLHO MepbI P, pacemorpennoii na (2, €). Ilo reopeme Pamona Hukomuma

cymectByer %-usmepumas gyakmus g(w) > 0 rakas, uro [g(w)dP = 1 u Q(C) = [g(w)dP (9  npomseoxxas
Q C
Pagona Hukomauma). g no onpepenenuio spisiercs sapuanrom ¥ MO.

B cayuwae 3naxonepemennoit £ momaraem £ = £7 — £ (€T w £ weorpunarennsub) W 6epéM B KavecThe RapuaHTa

YMO M(¢ | %) = M(E* | €) —M(¢ | %). B
Bameuganmne. Ycnosue M|E| < oo He siBnsieTcss HEOBXOTAMBIM.

Yreepxkagenne 2.16. JTiobve deéa sapuanma YMO cosnadarom nowmu nasephoe.

O  Or nporurHOro: mycrb ¢ u go — zapa Bapuanta YMO M(¢ | €). Hycrs rakxke C = {w | g1(w) # ¢g2(w)},
P(C) > 0. Umeem, uto C = C. UCs, te Cy = {w | g1(w) * g2(w)}, * € {<,>}. Xors 661 o180 u3 MHOKecTB Cc 11 Cs
umMeeT nonokuTenbhyio Mepy (unage P(C) = 0); 6e3 orpanuuenus obuaoctu cuutaem P(C.) > 0. g1 u go u3Mepumsl,
noatomy D = C. € ¥. Torma no onpenenenno sapuanta Y MO

/gldP:/fdP:/ggdP,
D

D D

9TO MPOTUBOPEUUT TOMY, UTO g1 < ¢o Beioxy Ha D u P(D) > 0. B
[osromy YMO MOXKHO CAUTATH OTHO3HAYHO ONPEIETEHHBIM C TOYHOCTHIO 10 MHOXKECTB P-Mepbl HyIb.

Oupejesienune. [ycrs (Q, 97, P)  BepogrnocTHoe pocTpancTso, ¥  o-noganredbpa B &, A € /. Torna ycaos-
naa eepoamnocmes A orHocurensho € onpenensercs tak: Pf(A | €) = M(Ia | €), rne I4  xapakrepucTudeckas
dyurmua A.

Oupeaesienne. Ilycrs (Q, o7, P) BEPOSTHOCTHOE MPOCTPAHCTBO, £ U 7 cllydaiiHble BeIUYMHBI, %), o-
nopanrefpa B ¢/, NopoxKaeHHas 77 (T.e. npoobpassl Beex Gopenesckux Muoxkects u3 R). Torna ycaoswwim mamo-
orcudanuem £ omuocumensno 1 HazpBaercs M(E | n) = M(£ | 6,).
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2.8.1. CBoiicTBA YMO

Onpenenenue. £ ne 3a6ucum OT g-aaredpwl %, ecan mis a0d0oro codwkitust C' € % caydaiinbie seanananl £ n Io
HE3aBUCUMBI.

O6osnavenne: 6y = {Q, @} — rpuBnanenas o-anrebpa.
YrBepkaeaue 2.17.

EcruP(E=c¢)=1, mo M| %) =c n.n.
(g) = alM(El (g) + OAQM(fg
< M(n | E) n.n.

Junetinocms: M(a1é1 + aaés
Eeau & < 0 non., mo M(E| F)
M(E | 9)] < M| | %) nn
Hepasencmeo Hencena: nycms g(x) — HENpepuieHas 6bnykia 6Hu3 GyYHKUUA, l\/||g(£)| < 0.

Tozda g(M(E | F)) < M(g(&) | €) n.n. Pasencmeo umeem mecmo mozda u moavko mozda, xozda & € -usmepuma
(mounee, cosnadaem ¢ nexomopot € -usamepumoti Pyrkyuetd nowvmu 6crody).

M(¢ | &) =€ n.n.

Ecau £ ne sasucum om €, mo M({ | €) = ME n.n.

ITycmo 1 aeasemea € -usmepumoti u M|En| < co. Tozda M(En | €) = nM(& | F).

M(E | o) = ME

10. Ecau 61 C %5, mo l\/l(l\/l(f | %2) | %”-1) = M(£ | %1). Ecau 6 D %, mo l\/l(l\/l(f | %2) | %”-1) = M(£ | %a).

11. M(M(E| %)) = M

12. Ecau ME? < oo, mo

AR R

© > N>

inf M(E — g(w))* = M(E = M(£ | ©))?,

g(w) — €-usmep.

m. €. gmin(w) = M(§ | €) umeem naumenvuee cpeduersadpamusnoe omKsoHerue.

2.9. Teopema Konmoroposa — Bbnekyanna—Pao

(Z,9,2 = {Py | § € ©}) napamerpuueckast Mmogenb. T(x)  JOCTATOYHAS CTATHCTHKA, €CIH CYIIECTBYeT
BAPUAHT PEryaapHOil yenoBroi BeposTaocTtu Py(A | T(E)) VA € &7, He 3aBucammuii or napamerpa 6.

Teopema 2.18 (Koamoropos — Baekysit — Pao). ITycms T(xz) — docmamownas cmamucmuxa; 0(x) — oyensa
napamempa 0 ¢ Mgh? < oc. Tozda ouenxa 0*(€) = Mg(8(€) | T(€)) obaadaem caedyrowsumu ceoticmeam:

1. Mg (&) = Mpb(¢),
2. Mg(6*(€) — 0)2 < M(0(€) — 6)2. Pasencmeo umeem mecmo mozda 1u moivko moz0a, K020a 6 usMepuma OmHoci-
meavHo 61 (Aeaaemed usmepumoli Gynryued docmamouHotl cIamucmur,).

O B cny onpenenennsi gocrarounoii crarnctikn 0% = M(8 | T) we 3amuent ot 6, nostomy 6* — cratmernka.
% @r-wsvepnva (m cniy onpenenerns YMO), mostomy 6* ecti dbynkmus or T. M8* = M(M(@ | T)) = Mé. B
cuTy HepaBeHcTBa Mencena M((é ~0)2|T) > (I\/I(é | T) — 9)2 = (#* — 0)%. Bo3bMéM MaTemMaTHUeCKOe OXKHIaHMe:
I\/I(é -6)? = I\/I(I\/I((é —6)? | T)) > M(6* — 6), npuuém paBeHCTRO B HEPABEHCTRE Mewncena mpocturaercst Torga

TOJTBKO TOMJIA, Koraa f €p-uzmepuma, T.e. ectb dyukius or 7. B

2.10. lNonHast gocTtaTo4YHas CTaTUCTUKA

Omnpenenenne. Jocrarounas cratucruka T(x) HaspBaeTcst noanot (st JAHHOTO TIAPAMETPHYECKOTO CeMeri-
CTBA paCTpeJeNennii), ecnm s 6ol w3mepnmoit dyrknym f(¢) mpw a000M 3HAYEHWW TIapameTrpa W3 yCIOBHS
Mg F(T(£)) = 0 cnenyer, uro f(T(£)) = 0 nouru HaBepHOE.

Ilonnast qocrarodnast ctaTucTuka 1 06MaaeT CIEAVIOMIAM CBONCTBOM: €CIH

Mg f1(T'(€)) = Mg f2(T'()),

o f1(T(§)) = f2(T'(€)) nourn nareproe. JJoka3aTesbCTBO OUEBHUIHO.

Teopema 2.19. ITycmo T(x) — noanas docmamownas cmamucmuka u [ w g maxoswu, wmo My f(T(£)) = g(6).
Tozda f(T) asasemca sdpexmusnoti oyenroti daa g(6).

O okaxkem Teopemy B 9acTHOM caydvae g(f) = 6.

Hano, aro My f(T) = 6, .e. é(f) = f(T'(¢)) wnecMmemgnnas onenka napamerpa . JIokaskeM, 970 3Ta OLEHKA UMEeT
HaT/]MeHBlnyIO ,Hﬂ(;vnepCWIO vaerﬂ;ﬂ BCEX BO3MOXKHBIX HeCMeméHHBTX OIIECHOK. OT TTPOTUBHOTO. HyCTB CYIIECTBYET TaKasd

oterka 6§, uro MO(E) = 0 (8 — necvweménnas ouenka) u Dg,0(8) < Dp,0(&) xorst 661 mst ogroro 8y € O. Yuydrmm
onerKy 6 npu nomormu reopembl Kommoroposa Brekysnna Pao: 6* = My(0 | T(£)), npuaém

23



1. 6% = 0*(T());
2. Myb* = 6:
3. Dyb* < Dy VO € 6.

Nwmeem: Dy, 0* < Dgog < Dgoé. Ho 6* u 6 CyTh PYHKIUH MOJTHON HocTarounoit craructukn 1', Mgf* = 6§ = Mgé, OTKyIA
0* (&) = 0(£) mourn HasepHoe, a oaromy Dy, 6* = Dy 6. IIporusopeune. B

Sameuanne. [Toanas JOCTATOYHAA CTATUCTUKaA CYIDECTRBYET HE BCETrOa.

2.10.1. SAMEYAHHUSA O MUHUMAJIBHON JOCTATOYHOUN CTATHCTUKE
1. JIiobasa u3MepuMas B3aUMHO-OJHO3HAYHASA (byHKLLI/Iﬂ OT AOCTATOYHON CTATHCTUKHN CaMa IBAAETCs JOCTATOYHOI
CTAaTUCTUKOMN.

2. Ecmn gns moboit mocrarounoit craructnku 1’ CyImIECTByeT Takasi M3MEPUMasT B3aANMHO-OIHO3HATHAST (DYHKIINA
0, 910 Tmin(x) = Y(T'(x)), T0 Timin HA3BIBAETCS MUHUMAALHOT JOCTATOIHON cTaTHCTHKONW. MuHnManpHas mo-
CTATOYHASA CTATUCTHKA CYIIECTBYyeT Beeraa (mnst moboi napamerpryaeckoil Mmogenn). MosKHO TPOBOINTH PemyK-
mmio (6e3 norepu nHGOPMAIHMA) OT BLIOOPKU K MUHUMAJIBHON J0CTaTouHOi cratucTuke. Janbueiimas peayKius
HEBO3MOKHA.

3. Kak npasuno, B pa3noxennu, KOTopoe maét Teopema Hefimana Q@uinepa, mosgBIsSeTCs MUHAMAIBHAS TOCTATOY-
Had CTATUCTHUKA.

4. TlonHast JOCTATOYHAS CTATUCTUKA (€CTH OHA CYIIECTBYET) SIBISETCS MHHUMATHHOMN.

3. BbaliecoBckue ctaTucTtnyeckme oLeHKu

3.1. baiiecoBckue To4YeYHbIE OLIEHKW

3.1.1. ®YHKIIUA PUCKA

Pacemorpum dyHkiumio ¢, HazbisaeMmyo dbyakiueil mrpada (noreps), 061aJa0IIYI0 CIAYIONMME CBORCTBAMU:

1. u gétHa;
2. wu Bozpacraer Ha (0; +00);
3. u(0) = 0.

Dynxyuel pucka ouerkn § napaverpa § naswisaercs bynkuns R(6;8) = M(u(8 — 6)). B wacrrom ciywae u(z) = 2
(06BIYHO paccMaTpUBaEMOM Ha mpakTuke) dyHkmus pucka R(6;0) = M(J — 0)? masbiBaercsa xeadpamuunoti gynxyuer
pucka. B Teopun 3pPeKTHBHBLIX OICHOK CTATHCTHKHA CPABHUBAIOTCS B CMBICIE PABHOMEPHON MUHUMH3ALNA PHCKA.

IIpumep 1.1. B cxeme Beprynmm onennsaem mapamerp p. DddeKTHBHAS OEHKa  9acToTa p = L (21 4+ +2,).

_ p(1-p) "

—&>. Tycrn Teneph n = 2 (pHiGopka cocTonT

Jns meé dynrkums pucka (keagparwanas) pasra Ry = R(p;p)

U3 JBYX 3JEMEHTOB T1,T2). PACCMOTPUM CTPAHHYIO OIEHKY D = ]3 TS Beex 3Hadenuit x;. Eé dyukiua pucka ecth

Ry, = R(p,ﬁ) = (15 — p)2. Ecm HaM OTKyZA-TO W3BECTHO (MMeeTcst anmphopHas WHMbOpMaIms), 9To 15 <p< %, TO

CTpAHHAs OIEHKA P OKA3HIBACTCS JIyUIITe.

3.1.2. BAMECOBCKHNMN TOOXOJ,

IMapamerp 6 paccmarprBaercst Kak ciaydaiiHas Beqnunna @ co 3Hadennsivu § € O u pacnpegesieHrneM BePOSITHOCTEH
IT na usmepumom npocrpancrse (0, Beo). Pacupenenenune Il HAZBIBACTCS anpuophsim pacnpedenenuem NapaMerpa.
Yepenaum Gyukimio pucka R(6;§) mo pacinpenenenuio napaMerpa:

R(IL; §) = /R(H; 8) TL(d6).
@

R(I1; ) naszwiBaercs anpuoproim puckom. OueHKa 6%, MUHUMU3UPYIONIAs ANPUOPHBIA DUCK, HA3LIBAETCS OaUECO6CKOT
oyenxoti napamerpa 6: R(II; §*) = ing R(II;4) (A MHOXKeCTBO OIEHOK). MOXKHO CXUTPUTD: B3ATh AIPUOPHOE PAC-
se

TpeIeJIEHNe TaK, 9TODRI MOIY9UTh JIYHITyI0 OIMEHKY.
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3.2. MuUHUMAKCHblIE OUEHKM

IMycre Temepr wer wn 3ddexTnrHON onenkn, Ar anpuoproi nadopmannn. Ry (8) = sup R(#;6) — manxymmee
[ASIC)
sHavenne (PYHKINU PUCKA.

OnpepesteHne. 0* HA3BIBACTCH MUHUMAKCHOU ONEHKOM #, ecmu R (6*) = 6122 Ry (0) (r.e. oHA MUHHMHU3HpYeT
MaKCuMankHOe 3HavYerne byHKINT PUCKA).

3ameuanne. MUHNMAKCHYIO OIEHKY MOYKHO MONYYHUTH KAk GafleCOBCKYIO TP HEKOTOPOM (,HauMeHee HIarompu-
ATHOM”) AHPUOPHOM PACIIPEIETICHUH.

3.3. Teopema o baiiecoBckoi ouUeHKe AN KBagpaTU4HOW PyHKUUU pUcCKa

Pacemorprm dyrkmmo Py(A), 3apncamyo or A € & w § € ©. Tlpn xaxgom dbukcnpoparrom A Py(A) ectn
PBo-n3mepnmas GyHKIES OT 0, a Mpn Kaxka0M (BUKCHPOBAHHOM f — 3amaét pacnpeaenenne gepositHocTed wa (2, ).
Paccmorpum Ha gekapTosoM npoussenernn 0 X 2 o-anredpy, MOPOXKIAEHHYIO psiMoyroakHukavMu Bx A, rne B € HBo,
A € . Ha 3Tux npgaMOyronbHUKAX BBEJAEM Mepy (Q):

Q(B x A) = /Pg(A)H(dG).
B

Bouiee-meree oueBniHO, 9TO 3Ta MEpa o-a AU THRHA. 3HAYNT, OHA NTpoaoJKaeTcst 1o Jlebery Ha BCio o-anre6py, KOTOPYIO
MBI HAa30BEM HBo X &. Bynem paccmaTpwpaTh KBaApaTWIHYH (DYHKIWIO moTeph w npeanomarath, aro R(II;48) =
Ma(8 — 3(¢))” < co.

Teopema 3.1 (o GaiiecoBckoil onenke ans kBagparudHoil dyHkmun pucka). ITycme anpuopnoe pacnpe-
deaenue 11 u oyenxa 6(x) maxoew,, wmo R(I1;8) = Mg(0 — §(£))? < oo. Tozda 6atiecosckoti oyenxoti napamempa 0
asagemed 0* (&) = Mg(0 | §) (ona onpedenena ¢ mounocmvio do muodcecms Q-Mepvl HyAb).

O

1. 0* aBAsIETCS CTATUCTUKOMN, T.K. OHA 3ABUCUT OT @ MOCPEICTBOM PACHPENEIeHHUs , a OHO (PUKCUPOBAHO.

2. Mq((8 —4(6)” | €), Mq(6” | £) n Mq(8 | €) cymectayror.
3. Mg(8 - 6*(6))> = Mo(Mo((8 — 6°())2 | 8)) < Mq(6 — 8°(€)® w cnay croficrs YMO (5 = Mg(8 | €).
Papencreo  mpu 6*(€) = Mg(0 | €).

Cunencreue 3.1 (eguHcTBeHHOCTE BGaliecoBckoi omenkn). I[Tycmos 07,05 — dee baticcosckue oyenku (ommno-
cumenvro Ksadpamuwhot gynryuu nomeps). Toeda Q57 # §3) = 0.

3.4. AnocTepuopHbIii pucK

ITycTs cemeiicTBo & abCOIOTHO HENMPEPHIBHO OTHOCUTENRHO J1eberoroii Mephl. Toraa ajist ji0boro cobwitus A € of

Pol) = [ (o) o

A
YrBepxkaenue 3.2. I[Tycmb §* 6atieCO8CKAA OUEHKA OMHOCUMEAbHO Keadpamunnoti gynkyuu nomeps. Toz0a
Pg-n. n. umeem
J 0po () T1(d6)
= N—
({ po(z) I1(d0)

00 TIlycts A € & — npon3sonnuoe coburtre. [Tomoknm C = O x A € Beo x o7 Ilo onpenenenno YMO w Teopeme
0 DaflecoBCKON OLiCHKE
/ 0" dQ = / 0dQ).
c c

Benomvunas onpenenenue mepst () u Teopemy Oybunn, momygaem:

/5*@) /pg(m)ﬂ(dﬂ) dz = /(s* aQ = /HdQ = / /9p9(m)n(d9) de,
A 6 c c A \e

A
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OTKyIa B CHJIy TIPOW3BOJILHOCTH BhiGOpa A mnosydaem, 4To

0" (x) | po(x)T1(dB) = [ Opg(x) T (df) Py-n.m.
[rome-]

|
Ecnu anpuopnoe pacnpenenenue IT umeer nnoraocts (), To
f Opo(x
0" (x) = fpe 5)dd /Hqﬁ\x
e )
1@ lx) =7 5:((,:)):((9))(19
e

HA3BIBAETCS ANOCMEPUOPHOT NAOMHOCMBI0 (TTIOTHOCTHIO ANMOCTEPUOPHOTO PACTIPEIETEHUST TAPAMETPA). DTO yCIOBHOE
pacnpenesenue @ npu ycaosun €. [ocnenusist popmyna HaseBaercst popmysoit Baiieca giust muiorHocTed.

3Bameuanne. Baiiecosckas onerika MunnMusupyet anocrepuophsiii puck Mg ((0—46(€))? | £) (6e3 nokazarenncrra).

3.5. Csa3b DalieCoBCKUX OLLEHOK C MOHATUEM [0CTAaTOYHOW CTAaTUCTUKU

1. AnocrepropHOe pacIpee/eHne napaMeTpa OTHOCHTENLHO THO0T0 ATPHOPHOTO PACIIpeNeTeHns ABIgeTcsa PyHK-
muelt moctarouHol cratuctuku. [lelicteutensuo, mycts T(xz)  mOCTATOUHAS CTATHCTHKA. TOTAA TO Teopeme
Heiimana Tlupcona pg(z) = g(0; T (z))h(z). Tlpu ycrnoBuu cyImecTBOBAHUS ILIOTHOCTH T ANPUOPHOTO PACIIPEE-
JeHus st oTHocTr ¢(f | ) yCIIOBHOTO pachpejiesiennst MMeeT MECTO CJIeyIollee:

pem(0)  g(8;T(x))m(f)

WO o) = @ d8 ~ To(6;Ta))(0) db
e S

= f(T(x)),

T.€. TUIOTHOCTH amOCTEPUOPHOTO PaCTpeneIenns ecTh (DYHKIWSA JOCTATOIHON CTATHCTHKY.

2. Tlpn REKOTOPHIX JAONOTHUTENRHBIX ycnoBusx wa I (rampwwmep, ecom w(6) # 0 npwm Bcex § € O) BepHO W 06-
PATHOE: eCJIM anocTeProOpHOe pacnpeaenerne @ 3asucnt ot & nocpeacreom crarucrukn 1'(x), o T(x) asnsercs
JOCTATOYHON cTaTucTuKOM. TakuMm 06pa3oM MbI MOIYYHIA OAKECOBCKUN KPUTEpPH TOCTATOYHOCTH CTATHCTUKH.

3.6. BbaiiecoBckne MHTEpBaibHbIE OLEHKHU

ITpeanonoxum, uto pacnpeaenenus Py u IT aGCOMOTHO HENPEPBIBHLI OTHOCATENBHO NE0ETOBON MEPHI, T.¢. CYIIECTRY-
10T morHocTn pg(x) v w(6). ¢(f | ) — anocrepuopHas ruorHocTk. Bozsménm nponseosibroe a € (0, 1) m IPON3BOJIBLHBIM
06pa3oM pa30o0bEM ero Ha JBe 9acTh: o = oy + az, aq 2 € (0,1). Haitngm ai- v (1 — a)-KBAHTHIN amocTeprOPHOTO
pacrpezenenisi w obosmaunm nx @ = B(aq,z) = (s, ) cooTreTCTRERHO:

[ 0
/q(9|m)d9:a1, /q(9|m)d9:17(12.

0
PO<O<) = [al6|2)db=1-0s-a)=1-a,
0

TJIE BEPOSTHOCTh PACCMATPWBAETCA B CMbICIE Mephl () (W o anpropHOMy pacnpenenerno 6, v no pacnpeaeneHnsiv
u3 cemeiictsa &). [lonyumnu unaTepsan [6, 6] 11a mapaMeTpa  3TO U €CTh HATiECOBCKAA UHMEPEAALHAA OUEHKA (ITOT
UHTEPBAT OIPEIENSIeTCs M0 (@ HEOJAHO3HAYHO). (&  BEPOATHOCTL TOrO, 4To @ He NONauér B MHTEPBa/ (BEPOATHOCTh
OMMOKN TIPM WCTIOIR30BAHWY 3TOTO WHTEPBAJIA).

4. JloBepuTenbHble NHTEepBabI

(Z,o, 2 = {Py | 8 € ©}) napamerpuueckas Moienb, §  ckamgpHbIA napamerp (MHAYE MHTEPBAIBI 3aMe-
HsoTca Honee cnoKHbIMU obnactamu). (&1,...,&,)  caydaiinas Beibopka, © = (o1,...,%T,) €€ peanuzanus. Ilo
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sagannomy a € (0,1) u no sriGopke Haxomum Taxue craructuxn 9(a;x) < O(asx), uro Py([0,0] 2 8) > 1 —a. B
srom ciayuae unrepsai [0, 0] naswsaercs (TounniM) dosepumenvhuLm UHMEPEaAoMm 1A O ¢ dosepumeathoti 6eposm-
nocmwio (dosepumenvroim yposhem) 1 — . o — BEPOSTHOCTS OTMHOKM TIPW MCMOIR30BAHNHN JANHOTO WHTepRasa. § i
HAZBIBAIOTCA 006EPUMEADHBLMU 2DAHULAML.
JloBepUTENbHLIA HHTEPBAT  YACTHBINA CAydail HHTepBAaIbHOM ONeHKH. B ornmmane oT HailecoBCKOro moaxona 31ech
f — we caywaiiHas BEIMYWHA; 3aTO y Baiieca rpaRwIbl TOCTOAHHBIE, & Y HAC — CydaiiHbie (3aBUCAT OT BHIOOPKN).
Cpasnenue IRyX IOBEPUTEILHBIX WHTEPBAIOR TPOU3ROANTCS O JIBYM XapaKTepucTHKaM:

1. mo a (mm Mo moBepuTENHHOI BeposiTHOCTH 1 — 1);

2. 1o cpenHel miWHE OJOBEPUTEIHHOTO WHTEPRAJIA.

4.1. [JosepuTtesibHble MHTEpBasibl AJis1 NapaMeTpoOB HOPMaJibHOrO pacrnpeaesieHus

4.1.1. JJOBEPUTEJILHBIN MHTEPBAJI JJIS CPEJHErO IIPU U3BECTHON OUCIIEPCUU
&,...,&  mopTopHas BRIGOPKA, & ~ N(a,0?), a = M§;, 02 = D&;; 0 m3sectHO. € JydImas TOYeYHAS OIEHKA

2
o —a

¢ ~ N(a,—). Orcrona t-a ~ N(0,1) pacmpefenenue He 3aBUCHT OT HEH3BECTHOTO TApAMETPA (3aMeTHMm,
n

Vo?/n
9TO 3TO HE CTATHCTWKA, T.K. OHA 3aBMUCHT OT mapamerpa a). Ilosromy
€T

w| =®w) — ®(—u) =28(u) — 1, rae ®(z) = /

— 00

E—a
Loa )
Voz/n

[Iycrs 3anano a € (0,1). Ilo TabmmuaM cTaHIAPTHOIO HOPMAIBHOTO pacHpejenenus HaxoauMm (1 — §)-KBaHTHIb
N(0,1). O6o3masnm 3Ty KRAHTHAIH U —g. Torna D (uy ,%) =1-%, orxyna 2 (u; ,%) —1 =1—q. B cuay npeabrayiero

o

_ o _ o . .
HOITOMY |T — U1 g T, T+u-g T} JOBEPUTENLHBII UHTEPBAT I a ¢ TOBEPUTETHHON BEPOITHOCTHIO 1 — .
n n

1
V2T

P ey d. p- MN(0,1).

E—a
o/ /i

< 71,1%> =1—aq,

4.1.2. JIOBEPUTEJIbHBIM MHTEPBAJI JJsi AUCTIEPCUU TIPU U3BECTHOM CPEJHEM

. 12 . . . .
52 == > (zx — a)®> — necvem@nnas (Ms; = 0?) onenka s o2.
N =1
2 n 2
& —a ns §—a
Zy = ~ N(0,1), —‘O:E =724+ 72
g 2 n
o o o
k=1
7, B3aMMHO HE3aBUCHMBI M OfMHAKOBO pactpenenens ¢ N(0,1). Pacnpenenenne caydaiinoil Bemuauanl 22 + -+ +
7% maspiBaercss wu-keadpam pacripesieleHIeM ¢ 7 CTemeHsMH ¢BOOOILI M obo3Hadaercs X2. Jlas KBaHTHIEH 3TOTO
pacrpemesiennsa COCTARIEHBI Ta0ANIbI. Vcomk3yst 3T Tabaviihl, HAXOAWM KBAHTHIN ¢ = g](%) — %—KB&HTI/]J‘IB n

92 = g2(%) — (1 — §)-ksantuns x;. Iomyuaewm, uro

n82 (8] (8]
P - < 0 < i — (1 — —) —— =1-q.
o (gl 72 92) 9 9 a,

2 2

nsg ns

TO €eCTh |:—0, —0 ABJIAECTCA ,ZLOBG];)VI’T‘EJ'IBHBTM I/IH’T‘epBaﬂOM JJIA O'2 C ,ZI;OBepI/I’T‘eJ'IBHOf/'I BepOﬂTHOCTBIO 1 — .
g2 g1

4.2. TouHblii gOBepuTeNnbHbIV MHTEPBaAN A napamMeTpa bDMHOMMaNbLHOrO pacnpegeneHus

IMycrs nana ciaydaiinas BeiGopka (&1, ..., &y) CO 3HAUCHUAMU T1, . . ., Ty, & B3AUMHO HE3ABUCUMbBL U PACIIPEIE/ICHBI
CIEIYIONAM 0OPa30M:
0 c BeposTHOCTHIO 1 — P,

&k =

1 ¢ BEpOSTHOCTBIO P,

rie p — HemsBecTHbIN napamerp. S, = > n&;, P(S, =m) = Cp™(1 — p)"~™.

i=1
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Panee 6b110 MokazaHo, 4TO €CJN 1y, . . ., T, B3ANMHO HE3ABUCHMBI U DABHOMEpHO pacnpeienens Ha [0, 1], To

P(§m) <) = Z Chab(1—2)" % = L,(min —m + 1),
k>zm

rae I, (a; b) — menonwas Gera-pyHKIWSA ¢ APTyMEHTOM X W TApaMeTpaMu a W b, KOTOpast yI0BJIETBOPSIET COOTHOTIEHNIO

I.(a;b) + I _,(b;a) = 1.

TTonoxwnm
m n
fm(p) = _Clpr(l—pnF=1- " Chpf(l-—p" " =1-Lm+1lin-m) =T ,(n—mm+1).
k=0 k=m-+1
(Ilpu duxcuposarnrom m 310 dyakmus or aprymenta p € [0,1]; a m = S, u3BecTHO HAM W3 BLIOOPKH.) fm

HeNpepwIBHAst 1 cTporo yowrsaromas dyakuns, f,(0) = 1, f,(1) = 0. [Tosromy ans xaxmoro 5 € (0,1) ypasrerne
n
fm(p) = B wmeer enuncTREHHBIT KOpeHb p = F = D,, (). Z C’ﬁpk(l —p)"F =1— f,_1(p). dns xawxmoro € (0,1)
k=
).

ypasuenue 1 — fp,_1(p) = § uMeer eqUHCTBEHHBI KOPEHb p r=pr,

IMonaraem § = a/2 v nosnyyvaem, 910

Pu(p>D) =Py(fm(p) <B) =P, (Zc -p)" k<ﬁ>= > P(Sn =j) < B,

10 ecth P(p > P) < B. Ananornuno P(p < p) < B. Oxonwarennho,

Pop<p<p)21-2=1-aq,

TO €CTh MHTEPBAN [p, D] €CTh JIOBEPUTEIbHbIA UHTEPBAI 7 P C JOBEPUTEIbHON BEPOATHOCTBIO 1 — a.

4.3. O6wwme cnocobbl Nony4yeHs AO0BepuTebHbIX MHTEPBaAsOB

4.3.1. METOA HEHTPAJIbHON CTATHUCTUKU

ITycts &,...,&, B3aWMHO HE3ABWUCWUMBI W PACTPEAEIEHBI ¢ abOCOTIOTHO HETPEPHIBHBIM DPACTPENECTIEHNEM BEPOsST-
nocreii Py. Haiigém dbyrkmmio S(€;60) — Tak HA3BIBAEMYIO UYEHMPAALHYN CMAMUCMUKY, XOTA HA CAMOM JIeJe OHa
CTATUCTUKON He sIBASETCs,  CO CAEAYIONUMHU CBOMCTBAMMU:

1. pacupenenenue S(&;6) ue 3asucut or 6 u umeer WIOTHOCTL f5(Y),
2. mpw KaxxaoM dukcuporanaom & € £ dbyrkumst S(x;0) (kaxk dyHKIMs aprymenTa 6) siBaseTcss HEMPEPHIBHOW W

CTPOTO MOHOTOHHOM.

Bagamum « € (0,1) w maiiném uy < 1 TaK, 9TOOLI
Plu; < S(&;0) < us9) /fq Ydy =1-— a.
U1

(41 ¥ Uy HAXONATCS HEOJHO3HAUHO.) 3aMETHM, YTO DPACIPEAETECHNE BEPOSTHOCTEH B NPABOH YACTH HE 3aBUCHT OT
napamerpa 6. O6parum HepasencTBO oTHOCHTENLHO 6 1 Tosyanm, uto P(T7(£) < 8 < T5(8)) = 1—a, re. [T1(z), To(x)]
€CTh JOBEPUTEIHHBI WHTEPRAI I 6 ¢ ZOBEPUTEIRHON BEPOATHOCTRIO 1 — .

4.3.2. EmE OOUH METOJ

IMycrs T(xz) — nmekoropast crarucruka, Gp(t) = Pe(T(€) < t) — eé dbynxums pacnpegesenuns. [ycrs Gg(t) npu
no6om drKcuposaAHOM 6 HEMPEPRIBHA W CTPOTO MOHOTOHHA OTHOCUTENIRHO ¢ W TPW JTI000M (DPUKCHPOBAHHOM { ABJIACTCS
HerpephiBHOH crporo y6wisatomei dynkuneii or 8. Toraa Pe(Ge(t1) < Go(T(£)) < Go(ta)) = Pa(th < T(§) < t2) =
Go(ta) — Go(t1) npu mobbix ty < ty. Eemu Gyo(t1) = a1, Go(ta) = 1 —az, a1 +ag = a, 10 Pg(a; < Go(T) <1 - ag) =
1 —as—a; =1— a. Honoxuum 0: Gz(T(z)) = ag; : Go(T(z)) = as. Torma P(Q< <0 =1—a,mre. [6,6]

,HOB@pI/IT@.TILHLII/I HUHTEPBAJ C BEPOATHOCTBIO OIIUOKY (.
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4.4. AcumnToTMYecKkne OOBepuTeSibHbIE NHTEPBAbI

Kaxk TTPaBWJIO, OHU OCHOBAHBI Ha ACAMTITOTHYIECKOMN HOPMAJBHOCTHU HEKOTOPHIX CTATUCTUK.

3=

IIpumep 4.1. B cxeme Bepuysnn ¢ nmapamerpom p € [0, 1] paccmarpusaercsi oueHka p, =
1-— 1—
p(1—p) pi( p)> , T.€.
n

(a1 + - + ).

Mpr = p, Dpn =

. B cuny LIIT p,, acumnroTudecku HopManbua ¢ N (p,
n

Pn D 4, 7 N(0,1).
p(l—p) "7
n

Tlonoxum u = ul—g — (1- %)—KB&H’T‘I/IJ‘[B CTAHIAPTHOTO HOPMAJILHOTO pacrnpemenenns. [lomxywaem, 910

PPl cu]| md(u) = ®(—u)=1—a,
p(1—p)

n

rae ¢ QyHKIMS CTAHIAPTHOTO HOPMATBLHOTO pachpenenerus. TOYHOCTh BBIYUCISIETCS W3 OIEHOK CKOPOCTH CXOIM-
Moctu B HIIT. Permasi HepaBeHCTBO MOJT 3HAKOM BEPOSITHOCTH, MOJYYaeM WHTEPBA NI p: P(pn <p<p,)~1l—a.

Jemma 4.1. ITyemn ovenxa 6, (x) napamempa 0 acumnmomuvecku nopmarvna ¢ N (0; 02 (0)/n). Hycmn f(6)
dudpdepenyupyema u f'(0) # 0 6 pacemampuesaemoti obaacmu. Tozda f(6,) acumnmomuuecku Hopmasbha ¢ pacnpe-

denenuem N (f(‘))é W) .

3ameuanne. Oynknno f(§) mMoxkno BHIOpaTh Tak, 9106w f'(#)o(#) = const, m Takum oBpa3om w3baBHTCA OT
BABUCUMOCTHU JUCIEPCUE OT TIAPAMETPA.

O Paznoxum f no dopmyne Teitnopa: f(t) = f(0)+({#—0)(f'(6)+~(;0)), rue y(t;0) — 0 npu t — 0. [Tloxcrasum
t= én:

Ionoxxkum

a(6)/vn’ fe) ['(0)a(0)/vn

. 5 d A P
u nonyunm, ato W, = Y, (1 + Z,). Ho u3 acamnrornaeckoii mopmansuoctu 8, YV, =Y ~ N(0,1), a v(6,;68) = 0 B
d . 5
CHITy COCTOATENBLHOCTH, moaToMy W, — YV ~ N(0,1), 9T0 u maér acuMOTOTHYIECKYI0 HOPMATBHOCTD f(6,). B

IMpumep 4.2. B cxeme Bepnynnn onerka p, = 1;(% + -+ + z,) acuvnroruueckn nopmamabra ¢ N (p;p(1 —
1-— 1
Wom) = YLD L B ey

p)/n). Tonoxnm f(p) = arcsin/p, p € (0,1). f'(p) = Q\/ﬁ’ f - m T2

OB e TeMMBI OIEHKA ATcsin \/ Dy, ACAMIOTOTAYECKH HOpManbHa ¢ A (arcsin /Ds ﬁ) [Tomb3ysich MOHOTOHHOCTBIO,
MOJIy4aeM aCUMITOTHYECKUI TOBEPUTENbHBIN UHTEPBA 11 P.

5. OTcTtynneHne npo HeKoTOpble pacnpeaesieHns
BEpPOATHOCTEN

5.1. Xun-kBagpat pacnpegeneHue

ITycts cayuaiinbie BeIW<WHBT Z7, . . ., Zp; B3aWMHO HE3ABWCHMBI 1 MMEIOT CTAHIAPTHOE HOPMAIhHOE PACTTPEIEIEHTIE.
Torza pacrpeiesienwe Cay9qainof Bemnannbl 27 + -« - + 72 Ha3bIiBaeTcst Tu-k6adpam PacTipesie/IeHeM C 1 CTeTIeHsMHT
crobOIBT M obo3nHanaercs x2. IIpn X3 mMeeT mokasaTeshbHOE pacrpejesenyie ¢ mapaMeTpoM A = % ITaorHOCTH XW-
KBAJpaT pacupeneneHus nasTcs popMyIoi:

99

oC
Dy2 = crm s X2 -3, rae T'(\) = /xkflef’" dxr — ramva-dyrkous Diinepa.
' 0



Mx?2 = n, Dx? = 2n. Xapakrepnucrndeckas QpyHKims: oy = (1 - 2it) "% .

2
Menkum mipudgpToM Mpo BbIYHUCIEHUE TIJIOTHOCTH X .

. 1 \" 1 .
P(Z12+...+Zfl<y):/---/(\/—2_ﬂ) EXP<_§in’> dxi...dx,.

k

TIpumensieM 0606UIEHHYI0 ¢(hEPUUECKYI0 3aMeHY KOOPAMHAT: T1,...,%n — P, @1,...,¢n—1, p € [0,/y], i € [0,7] npn i =
1,...,n—2, pn_1 € [0, 2x].
1 = pcos g1

T2 = pPSin 1 COS P2

Tn—1 = psin g .. .80 @u_2COS @r_1
Tn = psine ...si0 @,

n—1

. _9 . _ . o
Axobnam 3amennst pasen .J = p sin™ ™ 5 sin”™ 3 @2 . ..sin @, _o. Vcxomasrit MHTETPaJ PACTIAIAETCS B TPOM3BEIEHNE OqHOMED-

HBIX WHTETPAJIOR W 3alTUCHIBAETCA B BUIE!

vy 2
C, / e*%pn*1 dp,
0

rae Cn €CTh NIPOU3BeeHNEe HMHTEIrPAJIOB II0 Yk, HE 3aBUCUT OT Yy U BBIUYUCIAETCI IIPUA Y — OC:

D(5)2E

Cobupast BCE BMeCTe U 3aMeHsis p° = &, TIOTy<IaeM Tpebyemoe.

5.2. Pacnpepgenenne CtblogeHTa

Ecaw Zy, 7, ..., 7, B3aWMHO HE3aBUCUMbBI ¥ WMEIOT CTaHIAPTHOE HOPpMAIhHOE pacrpeaesierne, TO pacnpeaeierHne
CAy4alHON BEJIMYUHBI
Zn A
2 3 2
\/21 +-+ 22 X3/
n

HasbiBaeTcs pacnpedesenuem Cmutodenma (t-pacnpenenenvem) u oboznadaercs t,. [Inoraocrs pacupenenenus CTbio-
JeHTa naérest popMyaoi

C., r(e)
pi, () = ———r, rne Cp = =2 —.
(1+22) =n T(%)V/mn
n
1
ITpu n = 1 pacnpenenenne CThIOJEHTA COBIANACT ¢ paclupelenenieM Koy, IMemuM IOTHOCTh gl
T xTr

5.3. MHoromepHOe HOpMarnibHOe pacnpejgesieHue

5.3.1. YETHIPE DKBUBAJIEHTHBIX OMPEAEJEHUA
ycrs &€ = (&,...,&)7T cay9aifeiii BekTop®, a = (a1,...,an)7
(#1,...,2,)T €R", A  HOMOKUTETLHO OTIPeIeNEHHAS MATPUIA 1. X 1.

ITepBoe onpenenenne. Ecnm niaoTHOCTR (COBMECTHOTO) pacnipesenenns BeKTOpa & MMeeT BHI

HEKOTOPBIN MOCTOAHHBIN BEKTOD, T =

N|=

L (det 4)
(V2r)

TO TOBOPAT, 9TO £ NMEET MHOZOMEPHOE (N-MEPHOE) Hopmasbhoe pacnpedesenue. Bextop a = ME (a; = ME;) raspsaercs
cpeHmv 3RadenweM, a Matprma L = S = A7 = M(£ — a)(€ — a)” — xosapuayuonnoti mampuyet. . = (045), 0ij =
M(& —ai) (& —a;). KoBapuanmonnas MaTpuma sBIseTcs KBAIPATHON, CHMMETPHYIHOM U IOM0KUTEILHO OIPEIeIeHHON.
Pacnpenenenue, 3a1anuoil TAKOH IIOTHOCTBIO, obo3Hagaerca N (a, X).

pe (a0, 4) =

exp (%( — )T A a)) :

53neck n masee 6ykra T 0603HAYAET TPAHCTIOHNPORAHIE. BeKTOPHI-CTONOIA 3AMHCAHB KAK TPAHCIIOHMNPORAHHBIE CTPOKH [IJIST SKOHOMUW
mecra.  npumey. C. K.
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Bropoe onpegenenune. QnpenennM MAEOTOMEPHOE HOPMAJIBHOE PACTIPEAEICHNE 9ePE3 XapaKTePUCTHIeCKNE (DyHK-
LT
. t = (t1,...,tn)" € R™. pe(t) = Me' & — zapaxmepucmuneckaa dynxyua caygaitmoro sextopa. Byaem canraTs,
aro & ~ N(a,X), ecan

1
we(t) = exp (itTa - §tTZt> .

B ornwume o npeanpiaymiero onpeaenerus, CIoAa BKIIOTAETCS CIyY9aii BHIPOKIAEHHON KOBAPWAIIMOHHON MATPHIIHI.

3aMedanme. XapakTepucTrnaeckasi hyHKINT BRIYUCISIETCS TI0 TJIOTHOCTH, & MO MHOTOMEpPHOH dhopwmyse obparre-
HWSA TJIOTHOCTH OJHO3HAYHO BOCCTAHABINBAETCS TI0 XapaKTepucTndeckoi dyrkinn. [loaToMy mepBoe m BTOpoe onpe-
JeJIeHVST PABHOCUIIBHBI.

Tpertbe ompenenenne. Ecan mobas nuHeliras KOMOWHAIIMSA KOMITOHEHT BekTOpa & wmeeT (OJHOMEPHOE) HOP-
MaJIbHOE pacupeaeneHne, To £ IMeeT MHOTOMEPHOE HOPMAJBHOE paCIpeIeIeHne.

Yerséproe onpenenenne. £ umeer N (a; X)), ecnm 17151 HEKOTOPOTO K CYIIECTBYET HAGOP HE3ABUCHMBIX W IMEIOTIAX
CTAHIAPTHOE HOPMATBHOE PACTIPENETeHNe CIYIANHBIX BETUIWH 1), . . . , N U CYIECTBYeT N X k-mMaTpuna A Takue, 4To

— HYJEBOW BEKTOD.
Tperne n geTBEPTOE OMpesenennst OyIyT NCTOIB30RATHCSH B TEOPWUN CIIYIANHBIX TTPOIIECCOR.

5.3.2. CBOMCTBA MHOTOMEPHOTO HOPMAJIBHOTO PACIIPEJEJIEHUS
5.3.3. JIEMMA ®PUIIEPA
Jlemma 5.1 ((I)I/Imep). Ilyemvny, ..., 0n HE3AGUCUMDLE (OHHO,M,epHme) CAYYATHDLE BEAUMUHDL C ./\/(a, 02). Tozda:

1. eywecmeayrom opmozonasvnas mampuya C u cayvatinnt eexmop & maxue, umo &€ = Cn, M& = /na, M& =0
npui > 1 u D& = o2 npu ecex i,

PN n
2.m= S ] u Y. (ni —0)? nesasucumo;
n i=1
3. .
1 I V(T — a) 1 & .
S =X, e e, ede s’ = ——= 3 (i 7).
i=1
a
1 & n .
1. Tomoxknm Cl1 = Clg = "+ =Clp = C1 = _ﬂ Z C?j =1 51 - Z C1iN; = \/ﬁﬁa M& = \/ﬁav D& = n% = 02‘
=1 j=1

n n
Ocrambueie ¢;; (2 <1< n, 1< j < n) noabupaioTcs U3 yCIo0BUi: 21 c?j =1 (upu Bcex i > 1) u \/Lﬁ 21 cij = 0.
i= j=
N3 stux ycnoswii nonydaem, uro marpuna C = (¢;;) oproronansra, v ipn i > 1 M& =0 n D¢ = o2
n n n n n n
2. B cuny oprororamsroctn C' Y &2 = 5" n?. Orcroma >. &2 = Y. n? — & = Y. n? —np?, To ects Y. (n; —7)% =
i=1 i=1 =2 i=1 i=1 i=1

n
S & wme zaBucur ot 1 = & /4/n.
i=2

Sameuanue. Eciau ny, . .., N, HE3aBUCUMBI U UMEIOT OJWHAKOBOE HOPMAaJILHOE PACIPEIEIEHNE, TO 7] 1 % S (mi—7)?

He3aBucnMbl. Ha caMoMm mese 9T0 XapaKTePUCTHIECKOe CBONCTBO HOPMAIhHBIX PACTTPEICTIEHMI.
&i

3. Zi=> ~N(0,1) mpm i > 1, otkyza
a

1 n _ n 52 ) ) _
S ==Y =2+ Zy X, 8= ——= > (=),
i=2 ’

i=1

n—1)s? 5
OTKyZOA 5 Xo_1
n—a N(O 1) (n 1)82 2 o
—(T/\/H ~ , 3 ~ anl M 3TN CIIYY9aWHBIE BEJIMYUHBI HE3ABUCUMBI TTO TTPEABIAYIIEMY TTYHKTY, TTO3TO-
My

n—a
Vili-a) _ Vem
g /32/02 n-

31



5.3.4. ,Z[OBEPI/ITEJIbeIE MHTEPBAI/JIBI OJId ITAPAMETPOB HOPMAJIBHOTO PACIIPEOEJIEHUS 1T

x,...,T, — TORTOpHas RuBoOpKa n3 N (a, o?).
- . — — . T—a
I. ToBepuTenbHbBII WHTEPBAJ JJIsi @ IpK HeusBecTHOM 02, ME = a, D€ = 02 /n. Ilo nemve @umepa oy
s?/n
nmeer pacrpesenerne CThrofgenta ¢ n — 1 crenennio ceobozrr. 3abwkenpyem o € (0,1) ¢ =t o (n —1) — (1 = §)-
KBAHTUIb t,,_ 1.
£—a .
Po.o2 T\/ﬁ <t)=1-a (Fa camom Jiesie pacnpeenene BepoSTHOCTEH HE 3aBACUT OT TTAPaMeTpPOR),
_ s _ S . .
noaToMy |T —t——, 7 +t— JIOBEPUTENBHBIN WHTEPBAI IS @ C JIOBEPUTENBHONU BEPOSITHOCTHIO (.
D Vv
2
I 2 (n — 1)8 9
11. ToBepuTenbHbIii MHTEPBAJ OJid 0- TPHW Heu3BecTHOM a. [lo nemme @urrepa ™ Xip_1- Hycts

3aJaHO (. gg (n—1) ecTb £-KBAHTUIIb, & gi-g (n—1) 1— §-KBaHTHIb PACHpPeJeIeHNs XU-KBAJPAT ¢ N — 1 CTeneHbio

2
cro6ompr. C MOMOIIRIO ITHX KBAHTHIIEH CTPOWTCS TOREPHTEIRHBIIT WATEPRAI IS 0-.

6. llpoBepka cTaTUCTUYECKUX runoTes

6.1. MNpoBepka runoTes o NnapameTpax HOPMasibHOrO pacnpeaesieHus
ITycts nana sei6opka 3 N (a, 02). Hy: a = ag (ag dukcuposano); Hy: a # ag. I[lycts 0 ussectro u pasHo ag. Torma
9

(cM. BoIIIE) JOBEPUTENLHBIH WHTEPBAT I @ ¢ JOBEPUTENLHON BEPOATHOCTHIO 1 — a.

= o T
T— U2 W,T + ul,%ﬁ
Kpurepnit: ecnmu ag npuHAIIEKAT HAIEMY JOBEPUTENHHOMY WHTEPBANy, TO Hy TpUHUMAETCS, WHAYE OTKIOHAETCS.
BeposTaocts omutku nepsoro poga (orkiaouuTh Hy, KOrjga oHa BepHa) paBHA <. BepogarHocTh omubKu BTOPOro pojaa
SIBHO He Bbrancasiercst (runoreza Hy; — He KOHKpeTHAst).

Ecan ansreprarnruas rumore3a nveer Bug Hi: a > ag, TO BMECTO PACCMOTPEHHOTO PaHee ABYCTOPOHHETO MUCTIOh-
3yeM 00HOCTOPOHHUL Kpumepuil: OCTARISEM TOIHKO BEPXHIOID KPUTHYECKYIO M'PAHUILY.

AHATOrIYHO TIPY MOMOIIH JOBEPHTENLHLIX HHTEPBAIOB CTPOATCS KPUTEPHH Mg a IPH HEM3BECTHOM 0> U I 02
(Ip¥ U3BECTHOM WJIM HEM3BECTHOM ).

Kpurepuu, B koTopbix Hy 3a/1a8T KOHKPETHOE pacupeiefenne BeposiTHocTell, a Hy = —Hy, Ha3bIBAIOTCSA Kpumepu-
AMU CORNACUA.

6.2. lNMpoBepka rmnoTesbl 0O4HOPOAHOCTN HOPMAaJSbHbIX BbIOOPOK

ITycts wmeercss aBe BBIOOPKT X1, ..., L Y1y - - - 5 Yn, TTOPOKIEHHBIE COOTBETCTBEHHO HE3ABWMCHUMBIMHA B COBOKYITHO-

CTV CIYyHalHBIMI BeIMHUHAMU &1, ..o, Emy M1y ooy Oy TPAUEM &1, & ~ N(ar,02),m1,...,n ~ N(as,02) n wee
mapaMeTphl ai, 02, (s, 05 HeM3BECTHHI.

Hy:ay =as,00 =09  2unomesa oonopodnocmu. Hy = —Hy. Pa3obbéM 3a1a9y NPOBEPKH THIOTE3BI OTHOPOIHOCTH
Ha JIBe 3aJa49u:
I. H) : 0} = o3 (npn mwobwix a), H| : 0} # o3 (eciw H| orknonsiercs, To oTkjonsem Hg; B TPOTHRHOM Ciy4ae
JIBVKEMCST JTAJIBITIE).
II. Ecnu H|, npusnmaercs, 1o H{ : a1 = as, Hy' : ay # az. Tenepb Hy OpUHAMAETCS TOIAA M TOJBKO TOTJA, KOTIA

npunamaercs H'.

6.2.1. O PACOPEAEJIEHUU PUINEPA — CHEJEKOPA (F-PACHPEJEJEHUMN)

2
o _ Xm/m 2 2
Cnydaitnas Benwuusa Fy, ,, = =55, Te X;;, U X;, HEBABUCHMBI, NMEET F-pacnpedesenue ¢ m u n creneHsMu
Xn/m
crobonnt. IloTHOCTR:
1 mym/2,n/2—1 m,\—mEn
m,n\+L) —
0, z <0

OyHKINA PACTIPEICTICHNS:

n 1T = rae I, (a,b) - venonnas B-yHKuus ¢ napamerpamu a u b.
™o
n
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6.2.2. KPUTEPUIl PUIIEPA PABEHCTBA JIUCIIEPCUN

Paccmorpum mBe crarncTrky:

. 1 & . 1 ,
57 = m—1 Z(xk - z)%, 55 = n—1 Z(yj -9)°.

k=1 =1

s?/o?
p)

ey npu yernosun HY) (02 = 02) pasHo s7/s2 u umeer F-pacnpenenenne ¢ (m — 1) u (n — 1)

Orromenue Fp, , =

creneHsiMu CBOBOIRI:

2
2 (mzDsi  _1 2 1
51 a2 m—1 __ Xm—1"m1 _ . .
2 (n—1)s3 -2 1~ tm-ln-1
s sl X

TJIe TTPEJIMTOCIIE/THEE PABEHCTRO CIPAREIJINRO B crity Jemmbl Durrepa.

Jns zanannoro o maxomum KBaeTUMA fo (m —1,n—1) u fi_a(m —1,n — 1) F-pacnpenenenus ¢ (m — 1) u (n — 1)
CTEmeHsIMU CBOOOIBI U HepeM MX B KAYECTBE KPUTHIECKUX 3HATEHUH.

Kpurepwnii ®umepa. Ecmn fa < an < fi—g, TO H{ npunumaercs, ”HAYE OTBEPraercs. BeposaTHOCTL OmMOKU
MEPBOTO POAA B TOYHOCTH pasHa . (MoOXHO MCMOMB30BaTH M OIHOCTOPOHHWI KPUTEPHT )

6.2.3. KpuTepuii CTbIOJEHTA PABEHCTBA CPEJAHUWX 3HAYEHUI IPU YCJOBUU PABEHCTBA
OUCIIEPCUMI

Ecan H|) orknonsiercst, To OTKJIOHsiIeTCst v runiore3a ognopoanoctn Hy. Ilycrs reneps H|) npunsita (T.e. a% = ag =

0?). Bynem nposepsith runoresy HY : a1 = as (Hj' = —HY).
Mst 3HaeM, 910 M(Z — ) = a; —as u D(z —4) = 02(1/m+1/n) (7 u § Hezasucumbl u T — § ~ N(ay — as, 02(1/m +

1/m)).)

(7 —9) (1 —02) _ ooy,
o2(1/m + 1/n)

HO 02 Hem3BecTHO. Il0ACTABIM IS Heé HECMEIEHHYIO ONEHKY

o (m=1)st+ (=15
m+n—2

pw ycnoruu HY': ay —as = 0 crarucrika by, 1, 2 = ﬁ nmeer pacrpenenerane CrhiogenTa ¢ m+n — 2
creneHsaMu cBOGOIB! (caeayer u3 neMmbl @uinepa).

Bamamum o € (0,1). th/2 = —t_4/2  COOTBETCTBYIONTME KBAHTHN pacipeesnenns CThIOTEHTA (PABEHCTBO HMeeT
MECTO B CHJIY CUMMETPUYHOCTH PACIPEIETEHN).

Kpurepuii Croiogenta. B |, 1, o > t1_as2, T0 Hy orknonsercs, unave — npunumaercs. BepoaTHocTh
ommbKM MepBOTo posa pasra «. Ecam mpw stom HY MpuAWMaeTCs, TO MPUHRMAETCST W NCXOMHAS THTIOTE3a OTHOPOIHOCTH
Ho.

6.3. JucnepcuoHHbIi aHann3 oaHogakToOpHOW Moaenu

Ilycthb #1,...,2,  BBIOOPKA, I/l BCE AMEMEHTHI MOy YeHbl He3aBucuMo. A priori pazobbém eé Ha k, k > 3 moasei6bo-
POK: Z11, .. s Tp 13 Tlky-vesLnpk, W =N1+ - -+Ng. T; = (Tl, +-- —l—nﬁ)/ﬂ, CpeIHne 3HAYCHUS IO TOIBBIOOPKAM,
T=(x11 4+ -+ Tpp)/n CcpelHee 3HAYCHHUE.

OTu gaHHbIe yI0OHO MPEACTARISATh B BUAE MabAuybl JUCNEDPCUOHHO20 GHANUSA:

1 2 e k
i1 | T12 | --- | T1k
21 | T22 | - | T2k
n1 no . ng n
I Io R T T
ITpeamonaraercs, <TO CyMIECTBYIOT TMOCTOSHHBIE (Ho HEN3BECTHHIE HaM) ai,...,Q TAKWE, 9TO T;; = G5 + €;; TIPHA

BCEX § W j, e e;; — CIyJaifible ONMMOKW, R3AWMHO He3aBWCHMBIE PN pa3nbix ¢ n j, Me;; = 0, De; ; = 0% (camraem

U3MepeHus PABHOTOYHBIMHA), 0> HEH3BECTHO.
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Ora Mozens HazbiBaeTca odnogarmoproti. CunTaeTcss, 9To HA IKCIEPUMEHTHI, TIOPOYKIAIOIINE JaHHbIE B CTOJI0IAX,
OTIIM9AIOTCA BAWSHWEM HEKOoTOporo dakrtopa; 1,2,...,k — nomepa yposHeit daxkTopa, a; — XapakKTEePUCTUKN yPOB-
st bakTopa. Pasnuaus Mexkay 3jeMeHTamMu OZHWX CTOJIOIOB ,,aucTo caydaiiubr’. CylecTBylT u MHOTO(aKTOPHKIE
MOJIEJIN.

Hy: runoresa 06 orcyrersuu dakropa (a1 = ... = ag) (rumoresa 0JHOPOIHOCTH NOABLIGOPOK), Hi = —Hy. Ecnu
eij ~ N(0,0%) & z;; ~ N(a;,0?), to Hy ecth runoresa o paBeHCTRE CPEJHWX 3HaUeHnit k HOpMaJIbHBIX BHIGOPOK.
[Caywait, KOrJa @;; WMEIOT HEMPEPHIBHBIE PACTPEETIEHNs, CYIIECTREHHO OTANYAIOIINECST OT HOPMAIhHOTO, OTHOCHTCS
K HerapamMeTpruyueckoMy aHanu3y (paHroBble KpUTepwu, etc). DTUM Mbl 3aHUMAThCs He Byzem. |

Hamenuusocms dannviz,  OTKIOHEHUE OT CPEAHEro (M3Mepsercs: KAK BbIDOPOUYHAs TUCIEPCHs )

Y (i —1)? =) (i —3)" + > (2 — 1)

%] i, 2]

Haiiném pacnpenenerme neproit cymmbr. Ilo gemve @urrepa

n;
- \2
> (zij — ;)
i=1 9
0_2 - anfh
OTKya
k
iE(x.._j.)Q:E 2 — 42 2
o2 - 2] J ‘ Xn,jfl ij(njfl) Xn—k>»
1,7 j=1
T.K. BCe Xii7] Y HaC He3aBUCHMBI.

Z;j we sapucnt o1 ) (24; — ¥;)* no memwe Owummepa, creosarennio, Y (v — £5)? w Y (T — T)? HesanmcHMb.

Ecmn Hy Bepra, 10 ~3 > (735 — )2 = x2_;:
1 .
s Z n;(7; — %)% = xi_, (mo nemve @urmepa)
J

sz,1 = Xfl,k + Xi,] (3TH BEIUYMHBI HE3ABUCUMDI)

72 = 1 w2 22 1 =2
61 = mf 2oy (@i — T5) olenKa, He 3apucsimas or runoresst Hy, 65 = = >_;n;(Z; — ) pearnpyer wa Hy

29
0
Hucnepcnonnoe oTHomenne —5 uMmeer pacupenenenne @umepa Crenekopa ¢ k — 1, n — k crenenaMu cBOOOJBL.
o
i
ITpaBocroponnnii kpurepuii @umepa. lycrs a:  fi_y(k—1,n—k) — (1 — a)-xeanTnae F-pacnpenenenns

c k—1,n—k crenensmun crobomer. Ecmn Fj_1 n_p > fi_qa, 70 Hy orkimonsiercst (pakTop CyIIECTBYeT); WHaGE —
TIPUHUMAETCS.

6.4. MHo)xecTBeHHble CpaBHeHUs
Paccmorpum ciydaii, Korga B JUCIEPCHOHHOM aHATN3e OTHOMAKTOPHON MOJENTH THUIOTe3a OTCYTCTBHs (bakTOpa
(Hp) orseprayra. IIporenénm Gosiee TOHKOE WCCIIEI0BAHNE.
6.4.1. ITAPHOE CPABHEHUE

TIporepsiem runoresy Hy:py: a; = a; & a; — a; = 0; Hy = = Hy. (ogHOpOZHOCTH OBYX TIOABKIOOPOK).
Y o(j,n: @j j ; y
CTponM TOBEPUTENHHBI MHTEPBAJ JJIs PA3HOCTH a; — aj. Xj,T; — OLEHKW IJIs 4j, .

@ —2) (g —a) _;

~2 (1 1
0 (nj + m)

tn,k MMEET pactpeaeeHne CTBIO,HQHTa C (n—k) CTETIEHAMU CBO60,ZLBI, CbI/IKCI/IpyeM «, CTPOUM ,I[OBepI/ITeJIBHBIﬁ MHTEPBAJI
AA a; — ap CTaHAaPTHBIM CcocoboM:

1 1

— 4 —

U ng

Kpwurepwuii: eciu ( mekuT BHYTPH 3TOTO MHTepBana, TO npunumaem Hygjjy, nHave  otknongem. Takum obpaszom
MOXKEM BBISIBUTH W3JUINHUAE YPOBHU (PAKTOPOB.
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6.4.2. COBCTBEHHO MHOYXECTBEHHBIE CPABHEHUS

k k
=3 caj, » ¢=0

J=1 j—1

3 ’ o o T k
U — cpashenue” ay,. .., ax (,KOATpacT’), napHoe cCpaRHeHWe — JaCTHBIN caydail Takoro. Querm: ¥ = ZFI ¢

k
MU = 0, D@:UQZC?/W
j=1

Q>

2 :
12
Hanee crangapTHBIM 00pa30M CTPOUM JOBEPUTENbHbIH unTepBan misgd ¥ (t,_j; umeer pacupemenenue CThIOIEHTA).

6.5. Kputepuii Mupcona (x?)
6.5.1. BUHOMWAJIbBHBLIN KPUTEPUNI

Pacemorpum cxemy Bepuymnmu ¢ napamerpom p € (0,1). Iposepsem runoresy Hy : p = py, Hi : p # po-

T(x) =21+ ...+ T, J0OcTATOYHAS CTATUCTHKA, @  YPOBEHb 3HAYUMOCTH (BEPOSTHOCTH OMIMOKH MEPBOTO POAA),
M}, — HEKOTOpAasi KPUTHUECKAsT TDAHUIIA.

Kpurepmii: ecin T'(z) > m}, 1o Hy OTKJIOHsIEM, WHAYE PUHUMAEM. 3aruiieM BePOSiTHOCThL OmuOKM 1epBoro poja:
M 1M n—m
Z Cnpo (1_p0) <Oé

*
m>mg

SaMeHuM TOYHBIM KpuTepuii HA npudamKeHHbId ¢ momorsio [TTT.

T -np a
np(l —p) n—e

N(0,1).

BeposarrocTs ommbku nepBoro poaa:

(L e,
re vnpo(l — po) npo(1 — po)

11— e M0 ) _ ,
npo(1 — po)
Ul = _ Mo ZMP0 (1 — a)-xsanruas N(0,1)
npo(1 — po)

W3 nocnearero ycsiorrsi HAXOAWTCS PPAHUIA T, = NPy + U1—q+/nPo (1 — po).

6.5.2. KPUTEPUIT y’ AJIsI CXEMbI BEPHYJIJIN (IPEJVCJIOBUE K KPUTEPUIO IITMPCOHA)

Ecre u apyroii kpurepnit. Ilycrs m =z + ... + z,. P(S,, = m) = Cp™(1 — p)"~™. PaccMOTPHUM CTATHCTHKY

)2,12 _ (m—npg)®  (n—m—n(l—mpy))?
npo "(1 *pﬂ)

X2 ecTh cyMMa OTHOCHTETBHBIX KBAJIPATHIHBIX OTKIOHEHUH SMIMPHYECKHX PE3YIbTATOB OT O3KHUAAeMbIX. B yero-
Busx Hy MS,, = npg.

X2 — (m —npo)? i (m —npo)? _ (m— npo)* _ m —npo
! npao n(1 — po) npo(l — po) npo(1 — po)
CrenoBarenbHo, Tak Kak B cuny LIIIT % 4 N(0,1), T0 )A(]Q, KaK KBaJpaT 3TOH BEJIUYUHBI, CXOIUTCS IO
npo{!—po

pacmpenenennio K x? npu yenosun Ho. X2 maszpisaerca cmamucmuxoti Tupcona (Tu-xeadpam). Kpurtepuii crpontcs
CTAHIAPTHBIM 0OPA30M MPU TOMOIIM KBAHTUIEH XU-KBAIPAT PACIPEIETeHN.
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6.5.3. TTOJIMHOMMAJILHBIN KPUTEPUN

0606mym Ham kpurepuii. Byzem npoeepsTh THIIOTE3y O TOM, 4TO JaHHAs! BEIOOPKA X1, . . ., Ly WMEET TIOJUHOMU-
ANIbHOE PACTIPeJIe/IeHNe C § UCXOJAMU U 33aHHbIMU BepoaTHOCTsMu: Hy @ pr = pY, ..., ps = p°, Hy = —Hy. O6oznauum
3a My, KOMUYIeCTBO MCXOJ0B THMA k U cocTaBUM cTaTHCTHKY a la X 2.

Crarucrtuka Ilupcona:

N s 0032
e L

0
n
k=1 Pk

Janee M1 mokaskeMm, 910 B ycaosunm Hg m n — oo 25271 WMeeT acHMITOTHYeCKoe pacrpeaesnenne x> , (Teopema
[Mupcona).

KpHTepI/Iﬁ IMupcona (x?) 0 TaHHOM pacHpeIeNeHny B TOTHHOMAATBHOM Mogend. Ilyets g1, (1—a)-KBanTHIL
x2 ;. Ecim X9 1> g1—a(s — 1), To Hy oTKIOHSAETCs, MHAYE NPUHUMAETCs. AcuMITOTHYecKast omubKa IepBoro poja,
Kak Dyzer cieoBaTh W3 TEOPEMBI, KOTOPYIO MBI ceffuac mokarkem, Oymer parHa .

6.5.4. TEOPEMA IInPCcoOHA

[ycrh &, ..., &, B3aMMHO HE3aBHCHMBI M OJMHAKOBO pacupegenensr: & = (&,,...,&,)T  caydaiinbie BeKTODHI,
npudem P(&, =ar,....&, = as) =pi' -...-p% musseex 4, p; >0, >, 0 =1;a; € {0,1}, ", a; =1 (& — Bexrop W3
0w 1 ¢ posro oxwoit exnawnmeit). QOwernaro, ato ME;, = pr, D&, = pr(1 — pi), M& = (p1,...,ps)T = P. Daementor
KoBapualnonHoil Matpnibl & = e = M(€ —ME) (€ = ME)T = (0;1) nmetor Bug o5 = M(&;, —p;) (&, — 1) = —pjp ipn
j # 1 (B obmem ciyuae o, = p;d; — pipi). Pacemorpum cayuaiinbii Bektop S, = & + ...+ & = (w1, ..., ps) T, vae
[y = Z?;1 &,  CyMMa He3aBUCHMBIX CHydaiiHbix Benuwaun. Muy = npy, Dpy = npp(1—pi), MS,, = (npy,...,nps)t =

np; Xg, = nX¢ (moxaxwure 3rto!).
Pacripenenenne S, nasbiBaercst noauhomuasbhowm pacnpeaenennem. Haiiném pacnpenenenne cratncrrkn

s o 2 N
Do ol Gl VS e SR
NPk

Teopema 6.1 (HI/IpCOH) X < X5t

O Ilepefiném x S} = \/},”p I\/IS* =0,Ys: = ¥ = ¥. JlokazaTenbcTBo OyeT 0CHOBAHO Ha OJJHOM U3 BAPHAHTOB

muoromepnoii HIIT, a umenno | S} Az~ N(0,%) |[Cesacrhsanos, ra. 11, § 46, Teopema 7|

[k — TPk (n—n)
ITo. A= ——"k=1...,55 A =(Ayq,... 1/Aziz() : S-MepHOe
onoXuM Ay, i e, S (A, ..., AT, Z & Tn , IOATOMY S-MEPHOE

pacnpenenerie A BBIPOMKIEHHOE.
S* — BA, B = diag(y/p1,- .-, ./Ps)- A = B718* mosromy MA = 0. Kosapunarmonnas marpuma Ya = M(AAT) =
B IM(S:S:TYB~ ' =B~ 1ZB L(ZA)iy = 51: /Pip; (Ha rnaproil tmaronamm 1 — py,...,1 — py, BHE HeS: — . /PrD;

Honoxum ) = CA, rne €' 0pTOroHATBHAS MATDHIA C 33JIAHHOM NPBOI CTPOKOIL: ¢1jy = /Pk- 1) = (n1,--- )T
Mn =0;m = > 1, cixAg = 0. Jokaskem, ato (,);; = 5 ,ecim 4,5 > 2, m 0 waave. [pn j,1 > 2 nveewm:
m
M(Uﬂ?l) =M (Z CjkAk : chkAk> =M (Z stCltAsAf) = chsclsMAi + chsﬂltM(AsAt) =
k k st s=1 st

m
qum —ps) — chsclt\/]Tpt = chsczs - (Z st\/p_s> (Z Czt\/p_t> = chscis =dj
s=1 s#t s s t s

Ilocnenree paBeHCTBO BEPHO B CHIY OPTOTOHAILHOCTH CTPOK MaTpuilnbl C.
s s
2 2 2 2 2
X2 =) A=Y m=m+...+n (m=0)
k=1 k=1

. d
Mur mokaszanm, wto npm ¢ > 2 1; He xKoppeanpyioT. Ecam gokaskem, uro 1; — N(0,1) (v x TomMy ke onM HE3aBMCHMDBI,
a Fie TTPOCTO He KOPPeMpyoT — TyT-To Ham u notpebyercs muoromepnas LITIT!), To momxyunm x2_,. Tpwn j > 2

777*207kAk*ZZ :Znij-
=1

i=1 k=1

36



ITpw dprkcnporaHHOM j W PA3HBIX { 1);; HE3ABUCAMEI W OOWHAKORO pactpenenenst, Mn;; =0, Dnp; = 1.

1
ni = Z”U: Mn;; =0, Dny = - JTOKAYKHATE 3TO!
i

. d .
ITo omromepnoit LUIIT n; — N(0,1) anst Beex j > 2.
Mamstys, uto n = (CB~')Sk, a S cxoaurest mo pacnpenenennio k N'(0,Y) (no dbopmyse B pamodke), nomydaem,
, IPUYEM KOMIIOHCHTEI
€Tr0 HEKOPPEJIMPOBAHBI, & TIOTOMY HE3AaBACHMBI (3TO CBOWCTBO MHOTOMEPHOTO HOPMAJLHOTO pacnpeaenerns ). [Tosromy

qTO 1) 4 N(0,E"), tne E'  enmuuunas martpuna 6e3 BepxHeil nepoil emmmunst (; = 0),

S ‘ 5 d
X2, =n3+...+n2 = x%,, uro u tpebosanocs. B

6.5.5. Kputepruii x>

Mycts x1,...,%, OOBTOpHAS BBIOOPKA, & OIMHAKOBO pacupeneneHsl ¢ &.p. F(x).
H()j:(T):F(](T) H1:_|H(].

Pazobbem R ma s unrepsanos Ay = (tx_1, ;] npousBonbabiM o6pasomM. Torma Hamma 3a1a4a CBEIETCs K IPOBEPKE
TUTTIOTE3hI O JaHHOM PaCIpeaeieHnn BepOﬂTHOCTeﬁ ycriexa BAUOHHHOMWaHBHOﬁ Moae, rae my — YUCJI0 I;, TTOTIaBIITNUX
B Ay, p} — BepositHocTHast Mepa Ay (nipu yeaosun Hp), n X2, onpejesnenHoe panee, GyJeT HMeTh aCHMITOTHIECKOE
pacrpegenenve X2,

BaMeuanns. 341291, peraeMble ¢ TOMOIILIO X2 :

e Fy(7) MoxeT GBITH 33]aHA C TOYHOCTBIO JIO T MAPAMETPOB; TOTJA cTaTuCTHKa IIMpcona, B KOTOpoit p BhIUmC-
JIeHBI C TIOJCTAHOBKOH BMECTO HEM3BECTHBIX HAPAMETPOB CTATUCTHK I HUX, OyJeT HMeTh ACHMIITOTHYECKOEe
pacmpeiesenue x>,

—p

e Kpurepnil x> MOXHO HCIONB30BATH A IPOBEPKH THIIOTE3BI OTHOPOIHOCTH. IlycTh ecTh ABe MOTHHOMHATL-
HBbIE CXEMBbI C 1 W | WCTIBITAHUSIMW, C PE3yahTATAMHW WCTBITAHWH (Mmq,...,Mg), BepoaTHOCTAMA (P1,...,Ps) W

Hy : p, =p;, Hy =-Hy. Ilpu ycnoeun Hy BEIGOPKH 0GBEIUHSIIOTCS ¥ ONEHUBAIOTCS OOIINe 3HAYEHUS p; = pi:
N mi+m;

Pi = = (mo meromy MII). Torga

S

. S . — D 2 /’,ZAAQ
Xilzz(mk npx) +Z(m D) o2

k
~ ~ .s—1
n l §
1 Dk 1 Dk

(B 0Omem ciydae, vMes T TOJIWHOMWATIHHBIX CXEM, MOy IAM X?e—l)(r—l))'

6.6. Kputepuin 3Hakos

(z1,41)y- -, (Tn,Yn) — HAOOP TMAPHBIX HAOMIOAEHWH, TOPOKIAEHHBIH TAPOH MHOTOMEDHBIX CIyYaiiHBIX BEJINYWH
(£,€") (£ u & MoryT GBITH 3ABUCHMBIMH, & BOT &1, .. .,&, HE3ABUCHUMbI B COBOKYIHOCTH U OJUHAKOBO PACIPEIE/ICHBI,
pasHo Kak u &, ..., &), Ilycre &1, . . ., &, pacupenenersl ¢ dyHKImeH pacnpenenenus F(x), a &), ..., &, ¢ dyHKImei
pacupenenenus G(x) = F(x —0), 0 € R napamerp. Tunoresa Hy cocrout B 0aqHOpogHOCTH BHIGOPOK (T.e. 6 = 0);
H1 = _\Ho.

Iepeitném K pasHoOCTSIM z; = T; — Y; (37O 3HAYEHWS CIAYUARHBIX BeawuawH 1; = & — & M1, . .., Ny, HE3AaBUCHMBI B

copokymrOCTH). Pacevorpum caywait, korga Vi z; # 0. Torma rumoresa Hy pasrocnibra rumorese HYy: Vi P(n; > 0) =
P(n: <0) = % Cynum o cripaBeIuBOCTH TUTIOTE3bI Hy TI0 cOOTHOMTEHNIO 3HAKOB ,,.+” u ,,—" cpeau z;. [lo cytu umeercs

n ucnbiTanuit BepHynan, viae aneMeHTapHBIME cOObITHsAMHU fBasiorcs A; = {n; > 0}, A; = {n; < 0}. Tunoreza H)
paBHOCHIBHA runore3e H(': B 310i cxeme Beprynmm p = %” (p = P(4;) napamerp cxembl Bepuymiu). Crpoum
OUHOMHUATIBHBIN KPATEPUA A5 CAYIARHON BeTHINHBI

n
1, >0
+_ . )b
2% ;‘Pz: Pi 0, 7 <0

¢ 0CHOBHO# runoresoit HY': p = 1.
Ipaxmuneckuti cosem Ha CIyYail, KOTIA CPEIU 2; BCTPEUAIOTCS HYIH: €C/IH HyIeH MHOTO, TO KPUTEpUil HeITPAMEHUM
(moromy 9TO B 3TOM KpHWTepun cumraercs, uro P(n; = 0) = 0). Ecim xe nyneii Mano, TO MPOCTO BHIKWUIBIBAEM TE

WCTIBITAHNS, B KOTOPHIX 2; = 0.
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6.7. 3agaya pa3nuueHus AByX CTaTMCTUMYECKUX runoTtes

(2, o, ) — crarncTuaeckas Mouenb, & = (r1,...,L,) € & — BRIOOPKa. [lycTh cemeiicTBO pacnpeaenennii pas-
6uTo Ha OBa moaceMeilictBa: &K = P Ll Hy. XOTUM MOCTPOUTH KPUTEPHH 7151 BEIOOPA ONHOM W3 AByX rumores: Hy:
Pe &y, Hi: P e 2. PaccMoTpuM TPOU3BOIBHOE MHOXKECTBO S € .o/ W HAZOBEM €r0 KPUMUYECKUM MHONCECTNEOM
(kpumuneckoti obaacmoio) kputepnsi. Cam kpurepwnii B Tepmunax S dopmynmpyercs Tak: ecim & € S, o Hy omxaona-
emcsa (Hy npunnmvaercs); ecain x ¢ S, o Hy npuanmaercst (Hy orkaonsiercst). Kpurepuii ¢ Kpurnaeckum MHOXKECTBOM
S HaszpBaeTCst S-KpUTEPUEM.

Owubra nepsozo poda  orknoruTb Hy, Koraa ona Bepra. Quiubka 6mopozo poda  npunasath Hg, Korma Bepua Hj.
Hy>KHO NpUHATH pEIIeHne TaK, YTOObI BEPOATHOCTH OMUOOK ObLmu MUHUMANbHBIMU. ([TOKA 3TO HE BIOJHE MOHITHO:
KAaK CYUTATD BEPOATHOCTb OMMOKU, €ciu B Py u &P MHOIO PA3HBIX PACIPeIeNeHuii?)

Ipumep 7.1. & = {Py,P;}  nBa pasmbix pacnpenenernus, %2; = {P;},i € {0,1}. Ilyctb 3a0ambl Mambe 9ucia
a, B € (0,1). Tlorpebyem Po(S) < a n P1(S) < B (wam, uro To e camoe, Po(S) > 1 —a n Py(S) > 1 — ), To ects
yucla a v f orpaHiauBaIOT CBepXy OIMMOKY TIepBOTo W BTOPOTO pojia cooTreTcTrenno. Hy Ho HaliTn Takoe MHOYKeCTRO
S, urobbl pa3anunTh pacnpegenenns Py u Pq.

IMepeiiném k nmapamerpudeckoit mogean: & = {Py | § € O}, npuuém pacnpemesnenns nonapro pazindnst (8 # 6 =
Py 76 Pg) O = ®0U®]; Hy: 0 € (;)0, Hy:0€0,.

IMycth nam KpuTepuii, 3aJaHHblil KpuTHuecKuM MHOKecTBOM S (S-kpurepuii). Torna dyuknus gs(d) := Py(S) or
nepeMeHHoil f HazbiBaeTcs dynryuetd mownocmu S-kpurepus. [pu § € Oy gs(0) = Py(S) ectb BeposiTHOCTH OMIUOKU

MEePBOTO poaa, a Ajast 8 € @1 BEPOATHOCTH OMMOKM BTOPOTO poja Bhipaskaercs tak: Py(S) =1 — Py(S) =1 — gs(6).

sup gs(0) — pasmep xpumepus. Mrer Tpebyem, aTober sup gs(f) < @; B 3TOM Cliydae @ €CTh YPo6eHs 3HAYUMOCTIU
[ASICH) [ASSH

KpUTEpUA. ein(g gs(0) — mowgrocms Kpumepus (MOITHOCTH €CTh HANMEHBITIAST BEPOATHOCTH MPUHSATEH AJHTEPHATHRHYIO
€6,

PHIIOTERY, KOra OHa BepHa). WaeanbHoil (HeaocTu:kuMoil) (byHKIMER MOITHOCTY SIBASETCS WHAXKATOD MHOKECTBA ©1.
KpuTepnii MOKHO ONpeIennTh TAKKE IPH TIOMOIIN Kpumuueckoti pynxyuy s — AHIAKATOpa MHOXKecTBa S. Torma
9s(0) = Py(S) = Myps(§).
CraTnecrnyeckas TUTIOTE3a Ha3kIBAETCA npocmoti, ecim ora umeer Bun P = Pg, roe Py — 3amannoe pacnpenenenve
(nwnu, aro To ke camoe, F(x) = Fy(z) unu 6 = 6y; Fo u 6y u3BecTHDI), T.€. pedb UAET O KOHKPETHOM DACIPEIETeHUN
BepoaTHOCTEH. OCTATBHBIE TUMOTE3LI  CIIOYKHBIE.

6.7.1. CPABHEHUE JIBYX MNPOCTHIX TUNOTE3. TEOPEMA HENMAHA — [TUPCOHA

Mycts © = {0,601} CR, 0y < 1. Ho: 0 = 6o, Hy: 0 =01. Py, (S) BeposaTHOCTL OMIMOKU NEPBOro poja (pa3Mep
kpurtepus). Py, (S)  BeposTHOCTL OmuGKE BTOporo pomaa; 1 — Py, (S) = Py, (S)  MommOCTL KpuTepus.

CpaBHenue kpurepues. JagamuM « € (0,1)  ypoBeHb 3HAYUMOCTH (OrpAHMYMTENb pa3Mepa Kpurepus). Pac-
cMoTpuM Bce Kpurtepun (Kpurtndeckne dynkunm) @s(x) ¢ Mg ps(€) = a (ecim Py, — muckpernoe pacnpemesenwe,
TO Takoro S MoXkeT m He HaliTnch, — Torma tpefyem < v WM TPUMEHsteM paHmoMu3anuio — cm. Huxke). Cpenm 3Tmx

KDHUTEPHUEB BBLIETSEM (s« = @5  Takoit, aro Mg, p§(¢) = sup My, 0s(€) (B obmem cnyuae Gepém sup 1o
s a=Mgyps(§)
f € ©1) ecnu Tako# KPUTEPUIl CYIIECTBYET, TO 3TO HAUOOALE MOUHBL Kpumepudl YPOBHS 3HAYUMOCTH Q.

PanaoMu3upoBaHHbIE KpUTEPHUU. PaCIIupUM MHOMXKECTBO PACCMATPUBAEMBIX KpuTepues. Ilycrh ¢(x)  mpo-
n3posibHas GyHKkumst, npuanmaroiias 3uadenvs u3 [0, 1] (ve obsizarensno nuankarop). Ecan o(z) = 1, o Hg orkio-
ustercst, ecim w(x) = 0, To Hy nmpuanmaercs, a vor ecm 0 < ¢(x) < 1, To Gpocaercs xynapHAUecKass MoAeTka 1 Hy
OTKJIOHSIETCA B BEPOATHOCTHIO ¢(x). Takas mponemypa HAa3bIBAETCS pandomusayuet, a CaM KPUTEPHH — pandomMusu-
posannwm. (Bpocanue MOHETKM — BCIOMOraTenbHbBIH dKcepuMent.) B atom ciaydae dyHKIMsS MOUHOCTH KPUTEPUst
zagaéres dopmynoit: g(f) = Mgp(€).

Teopema 6.2 (reopema Heilimana—Ilupcona; dbynmamenranbaas gemma). ITycme & = {Py | § € O},
© = {0y,61} C R, Oy < 0;; cemeticmeo & abCoAOMHO HENPEPHLEHO OTMHOCUMEALHO HEKOMOPOT MEPDL (HANPUMED, MEDbL
Jebeza 6 R™ ), m.e. cyuwsecmsyem naomuocms pg(x) = L(6; z) — Pynryua npasdonododus; L;(x) = L(0;;x),i € {0,1}.
Iyems pg(x) > 0 (das ecex x € R € ©). Hy: § = 6y, Hi: 0 = 01. Badano o € (0,1) — yposenv snavumocmu
(sepoammnocms owubku nepeozo poda).

Tozda xpumepudi ¢ kpumuveckoti Gyrxyueri

,  Li(x) > eqla(x),
©* () =< €a, L1(x) = cola(x),
0, Li(x) <eqla(x),

a umeem mecmo nepasencmeo My, ™ (£) = Mg, p(£) (m.e. smom wpumepuii 0baadaem MaKCUMAALHOT MOUHOCTNBIO
cpedu KpUmepues YposHA SHAMUMOCTIY ().
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O Cravana HalAEM ¢y M £,. Pacemorpum bynkimio f(c) = Py, {L1(§) > c¢Lo(€)}, ¢ € [0, +0¢). f — neroszpacra-

L
wimast dyrkuust f(0) = 1, f(+oc) = 0 (nocaennsisi 3anmck nounmaercs kak npeged). 1 — f(c) = Py, {L] Eg < C} —
2(¢

dbyukuus pacnpenenenus oTHomeHus 3HadeHnil GyHKuuit npasaononodus (omuowenus npacdonodobus)  HeyObiBa-
I0I[As HEMPePbIBHAS ClieBa, (DYHKITHS.
IMonoxnm ¢, = min{c| f(c) < a < f(c—0)} (ecam ¢, — rouka wenpepbisHocTn f, 10 f(cy) = ). Onpenennm g,:

0, ecam ¢, — Touka menpepbisHOCTH [ (f(cy) = f(cq —0)),
Ea = a— f(ca)

f(pa - O) - f(pa)

Kpurepwnit onpenenén. Byagem mokaswsiBaTh €ro cBOHCTRA.

B WHOM CIIyvae.

e © = [ @m@ = [ m@dera [ =

x (2|11 (2)>ca Lo(z)} (2|11 (2)=ca Fo(z)}
fleq) = a, €CIV ¢, — TOYKA HEMPEPHIBHOCTHA |,
- flea) + o = f(ca) (f(ca —0) — f(ca)) = @ B wAOM Cayuae.

f(pa - 0) - f(pa)

Nrak, ommubka mepBoro poga paBHA Q.
Tenepr BO3bMEM J11060# Apyroit KpuTepnit ¢ kpurTndeckoil dynkimeii ¢ ¢ ycnornem Mg (&) = a. Hokaxem, uro
Mayio™ (€) > Mg, 0(6). 2+ = {w € 2| ¢"(a) —p(a) 2 0}, 2~ = {w € 2 | *(2) —pla) < O} 2 = 2+ L2~
Ilna seex © € 2T nmeem, ato o*(x) — o(z) = 0 = o*(x) > p(x) > 0= ¢*(x) > 0 = Li(z) > coLo(x), otkyna
“(x) <1

(p*(x) — @(x))(po, (x) — rapgo( ) = 0. Ecnu ke 2 € 27, 10 ¢*(x) — () < 0, oTRYyzna ¢ , To ecTb Ly () <
coLo(x), n onsre (¢*(2) — () (pe, (2) — capy,(x)) = 0. Toaromy
Mo, (5"(€) = 9() = [ (5" (@) = ol () do = [ (" = @)oo (0) ~ capy (@) do > 0.
x X BBIYJIU HYJIERBOW WHTErpaJ

Ecmu Py, (S) < Py, (S), To S-kpurepnii HazbiBaercs xecmewenuom. Teopema Heiimana ITupcora maér mHamGomee
MOTITHBITT KPUTEPUil, KOTOPBIH K TOMY K€ ABASIeTCS HECMEeITEHHBIM.
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