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Êîíòðîëüíàÿ ðàáîòà �1. Âàðèàíò 1.
Çàäà÷à 1. Íàéòè ðåøåíèå óðàâíåíèÿ uxx + 4uxy − 5uyy + ux − uy = 0,
óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì: u|y=0 = sinx, uy|y=0 = ex.

Ðåøåíèå. Óðàâíåíèå ñâîäèòñÿ ê âèäó vαβ + 1
6vα = 0 çàìåíîé:

{
α = y − 5x
β = y + x

Îáùåå ðåøåíèå: f(β) + g(α)e−
β
6 = f(y + x) + g(y − 5x)e−

y+x
6 . Èñïîëüçóÿ íà÷àëüíûå óñëîâèÿ, ïîëó÷àåì:





f(x) + g(−5x)e−
x
6 = sinx

−1
6
e−

x
6 g(−5x) + e−

x
6 g′(−5x) + f ′(x) = ex

îòêóäà, ðåøàÿ,íàõîäèì :

f(x) = −Ce−x/6 +
5ex

7
− 5 cosx

37
+

7 sinx
37

, g(x) = C − 5
7
e−7x/30 +

5
37
e−x/30

(
cos
(x

5

)
− 6 sin

(x
5

))
,

v(x, y) = −5
7
ex−

2y
5 +

5ex+y

7
+

5
37
e−y/5

(
cos
(
x− y

5

)
+ 6 sin

(
x− y

5

))
+

1
37

(−5 cos(x+ y) + 7 sin(x+ y)).

�
Çàäà÷à 2. Ïðèâåäèòå ê êàíîíè÷åñêîìó âèäó è îïðåäåëèòå òèï óðàâíåíèÿ:

2uxx + 5uyy + 2uzz − 6uxy − 4uxz + 6uyz − 3u+ y − 2z = 0

.
Ðåøåíèå. Ïðèâåäÿ ôîðìó ê êàíîíè÷åñêîìó âèäó, èìååì:

f(x, y, z) = 2x2 + 5y2 + 2z2 − 6xy− 4xz + 6yz=
(x− z√

5

)2

+
(√

5 ∗ y− 3√
5
∗ (x− z)

)2

f(x+ z, y, z) = 2x2 − 6xy + 5y2 = 2
(
x2 − 3xy +

9
4
y2

)
+
y2

2
= 2

(
x− 3

2
y

)2

+
y2

2

Îòêóäà ïîëó÷àåì, ÷òî çàìåíà





α = x+ z

β = 2y − 3z
γ = z

ïðèâîäèò óðàâíåíèå ê êàíîíè÷åñêîìó âèäó. Ïðîâîäÿ å¼, ïîëó÷àåì

2uγγ(α, β, γ) + 2uββ(α, β, γ) = 0. Ñëåäîâàòåëüíî, óðàâíåíèå èìååò ïàðàáîëè÷åñêèé òèï. �
Çàäà÷à 3. Íàéòè âñå õàðàêòåðèñòèêè óðàâíåíèÿ ïðè êàæäîì α ∈ R: uxx+2uyy+2αuyz+α2uzz+uz+u = 1.
Ðåøåíèå. Çàïèøåì óðàâíåíèå õàðàêòåðèñòèê â îáùåì âèäå:

φx
2 + 2φy2 + 2αφyφz + α2φz

2 = φx
2 + φy

2 + (φy + αφz) 2 = 0

Ïðè α = 0 φ(x, y, z) = f(z), èíà÷å φ(x, y, z) = c. Õàðàêòåðèñòèêè â ïåðâîì ñëó÷àå - ïëîñêîñòè z=ñ. Âî âòîðîì
îòñóòñòâóþò. �

Çàäà÷à 4. Ðåøèòå çàäà÷ó Êîøè (x ∈ R3, t > 0):





utt = ∆u
u|t=0 = x1 + x2x3

ut|t=0 = x2 + x1x3

Ðåøåíèå. Èùåì ðåøåíèÿ â âèäå, îáíóëÿþùåì íà÷àëüíûå óñëîâèÿ:

u(x1, x2, x3, t) = v(x1, x2, x3, t) + (x1 + x2x3) + t(x2 + x1x3). Çàäà÷à Êîøè äëÿ v èìååò âèä:





vtt = ∆v
v|t=0 = 0
vt|t=0 = 0

Îòêóäà v(x1, x2, x3, t) = 0, u(x1, x2, x3, t) = (x1 + x2x3) + t(x2 + x1x3). �
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Êîíòðîëüíàÿ ðàáîòà �2. Âàðèàíò 2.

Çàäà÷à 1. Ïðè êàêèõ A ∈ R ∃ ðåøåíèå u(x, t) ∈ C2(x ≥ 0, y ≥ 0) çàäà÷è:





utt = uxx +A, x > 0, t > 0
u|t=0 = ut|t=0 = 0
(ux + 2ut)|x=0 = sin 2t

Ðåøåíèå. Çàìåíà u = v + At2

2 ïðèâîäèò íàñ ê ñèñòåìå:





vtt = vxx, x > 0, t > 0
v|t=0 = vt|t=0 = 0
(vx + 2vt)|x=0 = −2At+ sin 2t

1◦ Â îáëàñòè x>t èìååì: v=f(x-t)+g(x+t). Ó÷èòûâàÿ v|t=0 = vt|t=0 = 0 èìååì f=-c, g=c, u=f+g=0.
2◦ Â îáëàñòè x<t g îïðåäåëåíà, ïî-ýòîìó îñòà¼òñÿ íàéòè òîëüêî f. u=f(x-t)+c. Âîñïîëüçîâàâøèñü (vx+2vt)|x=0 =
= −2At + sin 2t íàõîäèì v = − cos(2(x−t))

2 − A(x − t)2 + C + C ′. Äëÿ íåïðåðûâíîñòè âäîëü õàðàêòåðèñòèêè x=t
ïîëîæèì C + C ′ = 1

2 . Âñïîìèíàÿ ÷òî u = v + At2

2 èìååì:

u =





At2

2
, x ≥ t

− cos(2(x− t))
2

−A(x− t)2 +
1
2

+
At2

2
, x ≤ t

3◦ Ðàçðûâû 2õ ïðîèçâîäíûõ, åñëè îíè åñòü, îáÿçàíû ëåæàòü íà õàðàêòåðèñòèêå. Èìååì:

uxx =

{
0, x ≥ t
− 2A+ 2 cos(2(x− t)), x > t

utt =

{
A, x > t

−A+ 2 cos(2(x− t)), x ≤ t

Òàêèì îáðàçîì ïîëó÷àåì, ÷òî ïðè A=1 u(x, t) ∈ C2(x ≥ 0, y ≥ 0). �
Çàäà÷à 2. Íàéòè âñå α ∈ R, ÷òî ðåøåíèå çàäà÷è óäîâëåòâîðÿåò óñëîâèþ u = O(e−300t) ïðè t −→∞:





ut = uxx + αu, x ∈ (0, π), t > 0
u|t=0 = sinx
u|x=0 = u|x=π = 0

Ðåøåíèå. Ñâåä¼ì çàäà÷ó ê çàäà÷å Øòóðìà-Ëèóâèëëÿ.

1◦ Èçáàâèìñÿ îò αu: u(x, t) = eαtv(x, t).Òîãäà äëÿ v èìååì:





vt = uxx, x ∈ (0, π), t > 0
v|t=0 = sinx
v|x=0 = v|x=π = 0

2◦ Ðåøàåì çàäà÷ó ìåòîäîì Ôóðüå: èùåì ðåøåíèå v(x,t)=X(x)T(t). Èìååì çàäà÷ó Øòóðìà-Ëèóâèëëÿ:

{
X ′′k − λkXk = 0
Xk(0) = Xk(π) = 0

, îòêóäà Xk = sin kx, λk = −k2.

4◦ Çàäà÷à äëÿ Tk: T ′k − λkTk = 0. Ðåøåíèå Tk = Cke
−k2t.

5◦ Èìååì v(x, t) =
∞∑
k=1

Tk(t)Xk(x) =
∞∑
k=1

Cke
−k2t sin kx. Èñïîëüçóÿ v|t=0 = sinx ïîëó÷àåì v(x, t) = e−t sinx.

6◦ u(x, t) = eαtv(x, t) = eαte−t sinx. Òîãäà u = O(e−300t)⇔ α ≤ −299. �

Çàäà÷à 3. Ðåøèòü çàäà÷ó:





utt = ∆u+ e−t sinx sin 2x, 0 < x, y < π, t > 0
u|x=0 = u|x=π = u|y=0 = u|y=π = 0
u|t=0 = ut|t=0 = 0

Ðåøåíèå. Ïóñòü P - ïðÿìîóãîëüíèê, íà êîòîðîì çàäàíà çàäà÷à. ×òîáû ðåøèòü èñõîäíóþ çàäà÷ó, ðåøèì

ìåòîäîì Ôóðüå òàêóþ çàäà÷ó:
{
−∆u = λu

u|∂P = 0

1◦ Ðåøåíèå, êàê îáû÷íî, èùåì â âèäå u =
∑
T (t)X(x)Y (y). Ñòàíäàðòíûì îáðàçîì ðàçäåëÿÿ ïåðåìåííûå èìååì:

{
X ′′k − µkXk = 0
Xk(0) = Xk(π) = 0

{
Y ′′m − νmYm = 0
Ym(0) = Ym(π) = 0

îòêóäà
{
µk = −k2

Xk = sin kx

{
νm = −m2

Ym = sin ky
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2◦ Èìååì λk,m = −k2 − m2, uk,m = sin kx sinmy. Òîãäà u =
∞∑

k,m=1

Tk,m(t) sin kx sinmy è óäîâëåòâîðÿåò íàøåé

ñèñòåìå. Òîãäà Tk,m = 0 ïðè (k,m) 6= (1, 2), òî åñòü u = T1,2(t) sinx sin 2y. Ïîäñòàâëÿÿ â èñõîäíóþ ñèñòåìó,
ïîëó÷àåì óðàâíåíèå: T ′′1,2 + 5T1,2 = e−t. Ðåøàÿ, ïîëó÷àåì T1,2 = C1 cos(

√
5t) + C2 sin(

√
5t) + e−t

6 . Èñïîëüçóÿ
u|t=0 = ut|t=0 = 0 ïîëó÷àåì C1 = − 1

6 , C2 = 1
5
√

5
. Èòîãî u = (− 1

6 cos(
√

5t) + 1
5
√

5
sin(
√

5t) + e−t
6 ) sinx sin 2y. �

Çàäà÷à 4. Íàéòè ðåøåíèå êðàåâîé çàäà÷è:





r2urr + rur + uϕϕ = −4r3 cos 6ϕ, 1 < r < 3, 0 < ϕ <
π

3
uϕ|ϕ=0 = uϕ|ϕ=π

3
= 0

u|r=3 = cos 3ϕ, u|r=1 = 1

Ðåøåíèå. Èçáàâèìñÿ îò íåîäíîðîäíîñòè â óðàâíåíèè: u = v + Cr3 cos 6ϕ. Ïîäñòàâëÿÿ, íàõîäèì C = 4
27 .

1◦ Ïîñëå çàìåíû u = v + 4
27r

3 cos 6ϕ ïîëó÷àåì çàäà÷ó:




(∗)
{
r2vrr + rvr + vϕϕ = 0
vϕ|ϕ=0 = vϕ|ϕ=π

3
= 0

(∗∗)



v|r=3 = cos 3ϕ− 4 cos 6ϕ

v|r=1 = 1− 4
27

cos 6ϕ

2◦ èç (∗):




Φ′′k + λΦ = 0

Φ′(0) = Φ′(
π

3
) = 0

Ðåøåíèå çäåñü êîíñòàíòà äëÿ λ0 = 0 è Φk(ϕ) = cos 3kϕ, λk = (3k)2.

3◦ Ðåøàÿ çàäà÷ó Øòóðìà-Ëèóâèëëÿ äëÿ R(r) (r2R′′k + rR′k − λkRk = 0), ïîëó÷àåì, ÷òî v(r, ϕ) = A0 + B0 ln r +

+
∞∑
k=1

(Akr3k +Bkr
−3k) cos 3kϕ.

4◦ Èç (∗∗) ïîëó÷àåì:
{
A0 +B0 ln 3 = 0
A0 = 1

{
A133 +B13−3 = 1
A1 +B1 = 0




A236 +B23−6 = −4

A2 +B2 = − 4
27

{
Ak = 0, k > 2
Bk = 0, k > 2




A0 = 1

B0 = − 1
ln 3





A1 =
1

33 − 3−3

B1 = − 1
33 − 3−3





A2 = −4
36 − 3−3

312 − 1

B2 = −4
3−3 − 3−6

1− 3−12

{
Ak = 0, k > 2
Bk = 0, k > 2

Îòêóäà, ó÷èòûâàÿ u = v+ 4
27r

3 cos 6ϕ èìååì u = 1− ln r
ln 3 + r3−r−3

33−3−3 cos 3ϕ− 4( 36−3−3

312−1 r
6 + 3−3−3−6

1−3−12 r
−6 − 1

27r
3) cos 6ϕ.

�

Çàäà÷à 5. Íàéòè ðåøåíèå óðàâíåíèÿ Ëàïëàñà â ïðÿìîóãîëüíèêå:





∆u = 0
ux|x=0 = sin y, ux|x=2π = sin 3y
u|y=0 = cos 2x, u|y=π = cos 6x

Ðåøåíèå. Ðàçîáü¼ì ñèñòåìó íà 2 ïî ïðîòèâîïîëîæíûì ñòîðîíàì ïðÿìîóãîëüíèêà (u=v+w):

1◦





∆v = 0
vx|x=0 = 0, vx|x=2π = 0
v|y=0 = cos 2x, v|y=π = cos 6x

vk = Xk(x)Yk(y), òîãäà −X′′kXk = Y ′′k
Yk

= λk,
{
X ′′k + λXk = 0
X ′(0) = X ′(2π) = 0

Îòêó-

äà v(x, y) =
∞∑
k=0

Yk(y) cos kx2 . Äëÿ k > 0 Yk(y) = Cke
ky
2 + Dke

− ky2 . Èç v|y=0 = cos 2x, v|y=π = cos 6x ïîëó÷àåì:




C4 =
1

1− e4π

D4 =
1

1− e−4π





C12 =
1

e6π − e−6π

D12 = − 1
e6π − e−6π

Îêîí÷àòåëüíî v = ( e2y

1−e4π + e−2y

1−e−4π ) cos 2x+ e6y−e−6y

e6π−e−6π cos 6x.

2◦ Àíàëîãè÷íî äëÿ 2îé ñèñòåìû:





∆w = 0
wx|x=0 = sin y, wx|x=2π = sin 3y
w|y=0 = 0, w|y=π = 0

w =
∞∑
k=1

Xk(x) sin ky. Êîýôôèöèåíòû íàõîäÿòñÿ èç êðàåâûõ óñëîâèé. Èòîãî w = ( ex

1−e4π− e−x
1−e−4π ) sin y+ e3x+e−3x

3(e6π−e−6π) sin 3y.

3◦ u = v + w = ( e2y

1−e4π + e−2y

1−e−4π ) cos 2x+ e6y−e−6y

e6π−e−6π cos 6x+ ( ex

1−e4π − e−x
1−e−4π ) sin y + e3x+e−3x

3(e6π−e−6π) sin 3y. �
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Ïðîâåðî÷íàÿ ðàáîòà îò Ò.À. (îäíà çàäà÷à íà 30 ìèíóò, çäåñü îáà âàðèàíòà).
Çàäà÷à 1. (Âëàäèìèðîâ 19.35) Äîêàçàòü, ÷òî äëÿ âñåõ ôóíêöèé u ∈ C1

0 (|x| < 1), x = (x1, x2, x3) èìååò
ìåñòî íåðàâåíñòâî ∫

|x|<1

|∇u|2 + u dx ≥ − π

45

. Èìååò ëè ìåñòî ðàâåíñòâî äëÿ êàêîé-ëèáî èç îïèñàííûõ âûøå ôóíêöèé?
Ðåøåíèå. Ðàññìîòðèì ôóíêöèîíàë E(u) =

∫
|x|<1

|∇u|2 + u dx.

I(t) = E(u+tg) =
∫
|x|<1

|∇u|2+2t(∇u,∇g)+t2|∇g|2+u+tg dx.
(
d
dtI(t)

) |t=0 =
∫
|x|<1

+2(∇u,∇g)+g dx =
∫
|x|<1

(−2∆u+

1)g dx. Ïîëó÷àåì âàðèàöèîííóþ çàäà÷ó: 



∆u =
1
2

u||x|=1 = 0

Èùåì ðåøåíèå êàê ôóíêöèþ îò ðàäèóñà: u = R(r). Òîãäà




∆u = R′′(r) +
1
r
R′(r) =

1
2

u||x|=1 = R(1) = 0

Îáùåå ðåøåíèå ïåðâîãî óðàâíåíèÿ: Cr +d+ r2

12 . u - ãàðìîíè÷åñêàÿ â øàðå ñ öåíòðîì â íóëå, îòêóäà C = 0; u(1) = 0,
îòêóäà d = − 1

12 . Èìååì u = r2−1
12 , íà íåé äîñòèãàåòñÿ ìèíèìóì ôóíêöèîíàëà. Òåïåðü ïðîâåðèì íåðàâåíñòâî:

∫
|x|<1

|∇u|2 + u dx =
∫
|x|<1

r2

36 + r2−1
12 dx = 1

9

∫
|x|<1

r2 dx− 4π
3∗12 = 1

9

1∫
0

4πr4 − 5π
45 = 4π

45 − 5π
45 = − π

45 , îòêóäà íåðàâåíñòâî

âåðíî, ïðè÷¼ì ðàâåíñòâî äîñòèãàåòñÿ íà íàéäåííîé ôóíêöèè u. �
Çàäà÷à 2. (Âëàäèìèðîâ 19.29) Ïóñòü Q - êóá {0<x1<1; 0<x2<1; 0<x3<1}. Äîêàçàòü, ÷òî äëÿ ëþáîé ôóíê-

öèè f ∈ H1
0 (Q) ñïðàâåäëèâî íåðàâåíñòâî:

‖f‖2L2
≤ 1

3π2
‖∇f‖2L2

Ðåøåíèå. Ðàññìîòðèì ôóíêöèîíàë E(f) =
∫
Q

f2 − 1
3π2 |∇f |2 dx.

I(t) = E(f+tg) =
∫
Q

f2+2tfg+t2g2− 1
3π2

(|∇f |2 + 2t(∇f,∇g) + t2|∇g|2) dx. ( ddtI(t)
) |t=0 =

∫
Q

2fg− 2
3π2 (∇f,∇g) dx =

∫
Q

2(f + 1
3π2 ∆f)g dx. Ïîëó÷àåì âàðèàöèîííóþ çàäà÷ó:

{
−∆f = 3π2f

f |∂Q = 0

Èùåì ðåøåíèå â âèäå ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì: f =
∞∑

k,l,m=1

Aijk sinπkx1 sinπlx2 sinπmx3. Ëåãêî

âèäåòü, ÷òî ðåøåíèåì ÿâëÿåòñÿ f = a sinπx1 sinπx2 sinπx3. Íà òàêèõ ôóíêöèÿ äîñòèãàåòñÿ ìèíèìóì íàøåãî
ôóíêöèîíàëà. Ïðîâåðèì âûïîëíåíèå íåðàâåíñòâà

∫
Q

f2 − 1
3π2 |∇f |2 dx ≤ 0:

∫
Q

f2 dx =
1∫
0

1∫
0

1∫
0

(sinπx1 sinπx2 sinπx3)2
dx1 dx2 dx3 = 1

8 ,

∫
Q

1
3π2 |∇f |2 dx=

1∫
0

1∫
0

1∫
0

π2 (cosπx1 sinπx2 sinπx3 + . . .) dx1 dx2 dx3=3π2
1∫
0

1∫
0

1∫
0

cosπx1 sinπx2 sinπx3 dx1 dx2 dx3= 3π2

8 ,

1
8 − 1

3π2
3π2

8 = 0, îòêóäà íåðàâåíñòâî âåðíî è äîñòèãàåòñÿ íà ôóíêöèÿõ âèäà a sinπx1 sinπx2 sinπx3. �
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Êîíòðîëüíàÿ ðàáîòà �3. Âàðèàíò 1.
Çàäà÷à 1. Íà ïëîñêîñòè çàäàí êâàäðàò ñ âåðøèíàìè â òî÷êàõ A(0,1), B(1,0), C(0,-1), D(-1,0). Ïóñòü

χ(x, y) - õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ýòîãî êâàäðàòà. Íàéòè χxx − χyy â D(R2).

Ðåøåíèå. (χxx − χyy, ϕ) = (χ, ϕxx − ϕyy) =
∫

ABCD

ϕxx − ϕyy dS. Ñäåëàåì çàìåíó:
{
ξ = x+ y

η = x− y .

Òîãäà
{
ϕxx = ψξξ + 2ψξη + ψηη

ϕyy = ψξξ − 2ψξη + ψηη
. Êðîìå òîãî, êîãäà ñäåëàåì çàìåíó â èíòåãðàëå, ïîÿâèòñÿ ÿêîáèàí, ðàâíûé 1

2 .

Êâàäðàò ABCD ïåðåéä¼ò â êâàäðàò A'B'C'D' ñ âåðøèíàìè â òî÷êàõ (±1,±1).

Èìååì
∫

ABCD

ϕxx − ϕyy dS =
∫

A′B′C′D′
4ψξη 1

2 dS =
1∫
−1

1∫
−1

2ψξη(ξ, η) dξ db = 2
1∫
−1

ψξη(ξ, 1) − ψξη(ξ,−1) dξ = 2ψ(1, 1) −
2ψ(−1, 1) − 2ψ(1,−1) + 2ψ(−1,−1) = 2ϕ(1, 0) − 2ϕ(0,−1) − 2ϕ(0, 1) + 2ϕ(−1, 0), îòêóäà îêîí÷àòåëüíî ïîëó÷àåì:
χxx − χyy = 2δ(x− 1, y)− 2δ(x, y + 1)− 2δ(x, y − 1) + 2δ(x+ 1, y). �

Çàäà÷à 2. Äîêàæèòå, ÷òî E(r) = − cos kr
4πr , r = |x− x0|, ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì îïåðàòîðà

∆ + k2 (x ∈ R3).
Ðåøåíèå. ∆E = e±ikr∆ 1

4πr+2∇(e±ikr)∇(− 1
4πr )+(− 1

4πr )∆e±ikr.Ïåðâîå ñëàãàåìîå e±ikr∆ 1
4πr äà¼ò δ-ôóíêöèþ,

òàê êàê − 1
4πr ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà â R3. Îñòà¼òñÿ ïðîâåðèòü, ÷òî

2∇(e±ikr)∇(− 1
4πr )− 1

4πr∆e±ikr − k2 e±ikr
4πr = 0 (èñïîëüçóÿ, íàïðèìåð, ∆V (r) = Vrr + 2

rVr). �
Çàäà÷à 3. Äàíà ãàðìîíè÷åñêàÿ â êîëüöå Q = 1 < x2 + y2 < 2 ôóíêöèÿ u(x,y), óäîâëåòâîðÿþùàÿ óñëîâèÿì:

u(x,y)=x ïðè x2 + y2 = 2, ∂νu + (1 − y2)u = 0 ïðè x2 + y2 = 1. (ν - âíåøíÿÿ íîðìàëü). Íå íàõîäÿ ðåøåíèÿ,
íàéäèòå max

Q
|u(x, y)|.

Ðåøåíèå. Ãàðìîíè÷åñêàÿ ôóíêöèÿ u, î÷åâèäíî, íå êîíñòàíòà, ñëåäîâàòåëüíî, ïî ïðèíöèïó ýêñòðåìóìà å¼
ìîäóëü íå ìîæåò ïðèíèìàòü ìàêñèìàëüíîå çíà÷åíèå âíóòðè îáëàñòè. Èññëåäóåì å¼ íà ãðàíèöå. Óñëîâèå ïåðåïè-
ñûâàåòñÿ òàê: ∂νu+ x2u = 0. Ïî ëåììå î íîðìàëüíîé ïðîèçâîäíîé ∂νu > 0 â òî÷êå ìàêñèìóìà è ∂νu < 0 â òî÷êå
ìèíèìóìà; ýêñòðåìóì íå ìîæåò äîñòèãàòüñÿ ïðè x=0. Òàêèì îáðàçîì, èç ∂νu = −x2u çàêëþ÷àåì, ÷òî â òî÷êå
ìàêñèìóìà u < 0, à â òî÷êå ìèíèìóìà u > 0, à òàêîé ôóíêöèè íå ñóùåñòâóåò. Ïðîòèâîðå÷èå îçíà÷àåò, ÷òî u
ïðèíèìàåò ìàêñèìóì íà x2 + y2 = 2 ðàâíûé, î÷åâèäíî

√
2 (òàê êàê òàì u(x,y)=x). �

Çàäà÷à 4. Ïóñòü u(x,t) - ðåøåíèå çàäà÷è Êîøè:
{
ut = ∆u, x ∈ R3, t > 0

u|t=0 = sin(x1) sin(x2) sin(x3)IΠ = ϕ, Π = [0, π]3

(ïîä IΠ ïîíèìàåòñÿ èíäèêàòîð Π). Íàéòè lim
t−→∞

∫
R3

u(x, t) dx.

Ðåøåíèå. Ðåøåíèå çàäà÷è Êîøè óðàâíåíèÿ òåïëîïðîâîäíîñòè ïðåäñòàâèìî â âèäå:
u(x, t) = 1

(2
√
πt)3

∫
R3

ϕ(y)e−
|x−y|2

4t dy. Òîãäà lim
t−→∞

∫
R3

u(x, t) dx = lim
t−→∞

∫
R3

∫
R3

1
(2
√
πt)3ϕ(y)e−

|x−y|2
4t dy dx. Ðåøåíèå îò Ò.À.:

lim
t−→∞

∫
R3

∫
R3

1
(2
√
πt)3ϕ(y)e−

|x−y|2
4t dy dx = lim

t−→∞
∫
R3

ϕ(y)
∫
R3

1
(2
√
πt)3 e

− |x−y|24t dx dy =
∫
R3

ϕ(y)
∫
R3

e−η
2

π3/2 dη dy =
∫
R3

ϕ(y) dy = 8.

(äðóãîå ðåøåíèå) Çàìåíà: y−x
2
√
t

= η, èìååì lim
t−→∞

∫
R3

u(x, t) dx = lim
t−→∞

∫
R3

∫
R3

ϕ(x+ 2η
√
t)e−|η| dη dx ?−→ ∫

R3

ϕ(x) dx = 8.

Ïðî ïîñëåäíèé ïðåäåëüíûé ïåðåõîä: Ñâåä¼ì ê îäíîìåðíîé çàäà÷å (âïðî÷åì, äàëüíåéøèå ðàññóæäåíèÿ ìîæíî
ïðîâåñòè è ñðàçó äëÿ èñõîäíîé çàäà÷è): èùåì ðåøåíèå â âèäå u(x, t) = u1(x1, t)u2(x2, t)u3(x3, t). Ïîäñòàâëÿÿ,

ïîëó÷àåì 3 çàäà÷è :
{

(ui)t = ∆ui, x ∈ R, t > 0
(ui)|t=0 = sin(xi)I[0,π]

Äëÿ ëþáîé èõ íèõ ïîëó÷àåì ïî àíàëîãè÷íûì ñîîáðàæåíèÿì

lim
t−→∞

∫
R

∫
R
ϕ(x + 2η

√
t)e−|η| dη dx. Òîãäà ïîíÿòíî, ÷òî ÷åì áîëüøå t, òåì ìåíüøå îòðåçîê èíòåãðèðîâàíèÿ ïî η

x+ 2η
√
t /∈ [0, π]⇒ ϕ(x+ 2η

√
t) = 0), òåì áëèæå e|η| ê 1, à ñîîòâåòñòâóþùèé èíòåãðàë - ê èíòåãðàëó îò ñèíóñà. �

Çàäà÷à 5. Ïîñòðîéòå ôóíêöèþ Ãðèíà çàäà÷è Äèðèõëå äëÿ ïîëóêðóãà K = {x : |x| < 1, x2 > 0} íà ïëîñêîñòè
(x1, x2) ∈ R2.

Ðåøåíèå. Ââåä¼ì åñòåñòâåííûì îáðàçîì êîìïëåêñíûå êîîðäèíàòû: (x1, x2) −→ x1 + ix2 = z. Êîíôîðìíîå
îòîáðàæåíèå w(z) =

(
z+1
z−1

)2

ïåðåâîäèò Ê íà ïîëóïëîñêîñòü {z : Im z > 0}. Íà íåé ôóíêöèÿ Ãðèíà èçâåñòíà:

G(z, z0) = 1
2π ln |z−z0||z−z0| , òîãäà ôóíêöèÿ Ãðèíà äëÿ ïîëóêðóãà èìååò âèä 1

2π ln |w(z)−w(z0)|
|w(z)−w(z0)| , êîòîðûé ýëåìåíòàðíûìè

ïðåîáðàçîâàíèÿìè ïðèâîäèòñÿ ê âèäó 1
2π ln |z−z0||1−zz0||z−z0||1−zz0| . �
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