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Konrposbnasi pabora Nel. Bapuant 1.
Samada 1. Hatimu pewenue ypasnerua Uz, + gy — Sty + Uy — uy = 0,
Y006AMBOPAIOULLE HANANOHIM YCAOBUAM: Uly=0 = SINT,  Uy|y=0 = €.
oa=y—bx
B=y+=x

=fly+z)+gly— 5.%‘)6_%. Wcnonb3ys HavalbHbIE YCJIOBHA, HOMyHUaeM:

Pemtenue. YpaBHeHnue cBOAUTCA K BULY Vag + %va = 0 3aMmeHoil: {

_8
6

O6mee pemenwe: f(3) + g(a)e

f(x) 4+ g(—5z)e”§ =sinx

1 _» « omKkYyda, peutas, HaLoouM :
——e sg(=bx)+e g (=bx) + f'(x) =€”

6
5e® Hcosx Tsinz 5 5 x T
— (/6 P —_ 2,~Tx/30 ; © —x/30 Y e d
f(z) Ce += TR 2 g(z)=C =€ +37€ (cos (5) 6 sin (5)),
Y w+y 4 ]_
v(z,y) = —geg”*% + 567 + %e*y/‘) (COS (x — %) + 6sin (m — %)) + ﬁ(—t’) cos(x + y) + 7sin(x + y)).

Sagaua 2. IIpusedume k KaHoHuvecKOMY 6udy u onpedesume MUN YPAGHEHUA:

2Ugy + SUyy + 2Uyy — BUgy — 4y, +6uy, —3u+y—22=0

Pemrenne. [Ipusenst (hopMy K KAHOHUIECKOMY BUIY, AMEEM:

2 2
— 3
z,y,2) = 2x° + 5y? + 222 — 6xy — 4xz + 6 z—(x Z) +(\/§* — — % x—z)
f(z,y,2) y y y 7 Y (x —2)

9 2 3\?
f(at+z,y,z):2x2—6xy+5y2=2<x2—3xy+4y2>—l—y2:2($—2y) +%

a=x+=z
OTkyza moaydaeM, 9To 3aMeHa { [ = 2y — 3z OpUBOAWT ypaBHEHHE K KAHOHMYECKOMY BHAy. I[IpoBoma e€, momydaem

Y=z
U~y (e, B,7) + 2upg(ar, B,7) = 0. Cnenosarensho, ypasrenue umeer napatonndeckuit tum. Wl

Sagada 3. Hatimu ece Tapaxmepucmury ypasrerus npu xascdom o € R: Ugy + 2uyy + 20y, +aluy,+u,+u=1.

Pernenune. 3anuiiem ypaBHeHUE XaPAKTEPUCTUK B OOIIEM BHJE:
¢x2 + 2¢y2 + 2a¢y¢z + 042¢z2 = ¢12 + ¢y2 + (¢y + a¢z) 2=0

Ipu a = 0 ¢(x,y,2) = f(2), nnaue ¢(x,y,z) = c¢. XapaKTEePUCTHKH B IIEPBOM CJIydae - INIOCKOCTH z=C. BO BTOpOM
orcyrcryior. l
uy = Au
Bamaua 4. Pewume sadawy Kowu (x € R3, ¢ >0): Um0 = 1 + T223
Uglt=0 = T2 + 173

Pemrenue. Uiiem pernenns B Buje, OOHYJISIONIEM HAYAIbHBIE YCIOBUS:

Vit = Av
u(zy, T2, x3,t) = v(21, T2, T3,t) + (1 + X223) + t(z2 + x123). 3amaua Komm nyst v mmeer Bug: ¢ v|i—g =0
Vtlt—0 = 0

Orkyna v(z1, e, x3,t) = 0, w(z1, T2, x3,t) = (1 + z273) + t(T2 + T173). A



Konrposabnasi pabora Ne2. Bapuant 2.

Upp = Uge + A, >0, t>0
Bagaua 1. Ilpu xaxuxr A € R 3 pewenue u(x,t) € C?(x >0, y > 0) 3adavwu: { uli—o = utft—0 =0
(g + 2ut)|p=o = sin 2t
Vit = Vgg, >0, 1>0
Pemenue. 3avena u = v + ATtQ NPHUBOJWT HAC K CHCTEME: { U|i—g = vt|t=0 = 0
(ve + 20¢)|z=0 = —2At + sin 2t
1° B obnactu x>t nmeem: v={(x-t)+g(x+t). YauTeBas v|t—o = v¢|t=0 = 0 mmeem f=-c, g=c, u=f+g=0.
2° B obsacru x<t g ompesenena, no-3Tomy ocTaércs Hafitn Tonbko f. u=f(x-t)+c. BocnonbzoBaBmmcen (v, +20t)|y—0 =
= —2At + sin 2t HaxomuM v = —w — A(z — t)? + C + C'. JIns HempepBIBHOCTH BIOIb XapaKTEePHCTHKH X—t

2
monoxuMm C + O = % Bcenovunuast uro u = v + ATt HMeeM:

At?
5 s X Z t
u = 2
cos(2(x — t)) , 1 A2
e A -t <t
2 @=t"+3+ 5 s
3° PaspbiBbl 2X MPOM3BOIHBIX, €CIN OHHM €CTh, 00SI3aHBI JI€2KATh HA XapakTepucruke. Mmeem:
0, z>t A x>t
Ugy = Uy =
o —2A+2cos(2(x —t)), x>t " —A+2cos(2(x—t)), z <t

Taxum obpasom noiyuaem, 410 upu A=1 u(z,t) € C%(z >0, y > 0). R

Bamaua 2. Hatimu ece a € R, wmo pewenue 3adauu ydosaemeopaem yeaosuro u = O(e 39 npy t — oo:

Ut = Ugy + au, = € (0,7), t>0
Ult=0 = sinzx

U|m:0 = ulz:w =0

Pemenune. Cregénm 3aauy k 3aaaqe [rypma-Jlnysumis.
Vp = Uy, x € (0,m), t>0
1° Usbasumcs ot au: u(z,t) = e“tv(x,t). Toraa s v umeem: { v|i—o = sinx
U|ZE:0 - U‘w:ﬂ' =0
2° Pemaem 3amaqy merogom @ypee: uniem pemenne v(x,t)=X(x)T(t). Umeem 3amagy Hlrypma-JIuysusia:
X! =X =0
§ ROk , oTkyga X = sinkzx, A\, = —k2.
Xk(()) = Xk(w =0

4° Banaua qa Ty: T, — M\ Ty = 0. Pemenne T, = Cre=F’t,

o0 o0

5° Mueenm v(z,t) = 3. Th(t)Xe(z) = 3. Cre ¥t sin ka. Uenombsys v|i— = sinz nomyuaem v(z,t) = e~ sin .
k=1 k=1

6° u(x,t) = ev(x,t) = e*e sinx. Torna u = O(e3) & o < —299. B

Uy = Au+e 'sinzsin2z, 0<z,y<m t>0
Bagaua 3. Pewumos 3adany: { U|p=0 = Ulg=r = U|y—=0 = U|y=x =0
ult=0 = Ut|t=0 = 0

Pemenne. I[Iycte P - npaMoyroabHuK, Ha KOTOPOM 33J3HA 337a9a. UTOOBI PEIIATh MCXOTHYIO 3339y, PEeIruM

—Au=u

MeromoM Pypbe TaKyIo 3aJa4dy:
’U,|ap =0

1° Permienne, kak obbraHO, uineM B Buge u = »  T(4) X (2)Y (y). CrasmapTHbiM 06pa3oM pas/ieliss epeMeHHbIe NMeeM:

X]::/ — X =0 Kx — VY, =0 M = —k? Um = —m?
O a
X(0) = Xp(m) =0 | Y(0) = Yi(m) =0 O ) Xy =sinke | Y = sinky



oo
2 Upm = sinkzsinmy. Torma u = Y. Ty (t)sinkzsinmy u yaosnersopser Harmteit
k,m=1

cucreme. Torna Ty, = 0 upu (k,m) # (1,2), to ectb u = T 2(t) sinwsin 2y. IloacraBnssa B uCXOAHYIO CHCTEMY,

2° NMmveeM Mg = k2 —m

nonydaem ypasrenme: 11y + 511, = e™". Pemaﬂ nonygaem 110 = C cos(ft) + Cysin(v/5t) + %. Hcnonb3ys
ult=0 = Ut|t=0 = 0 momygaem Cy = —%, Cy = f Uroro u = (—7 cos(v/bt) + rf sin(v/5t) + ¢ t)sinmsin 2y. l

7’2Urr+rur+uw:—4r cosbp, 1<r <3, O<¢<g

Samaua 4. Hatimu pewenue xpaesot 3adavu: Ul p—0 = ty|p—z =0
u|p—g = cos3p, ulp—1 =1

Pemtenne. 36aBuMcst 0T HEOTHOPOIHOCTH B ypasHeHuw: U = v + Cr> cos 6. IToncrasmssa, naxomum C = %.
1° ITocse 3amensr u = v + %TS cos 6y monmyvaem 337aty:

() 20, + 10, + Vpp =0
*
Vplo=0 = Vplp=7 =0

V|r=3 = cos 3p — 4 cos bp

() 4
V]p=1 = 1—?7(:05690
P+ AP =0

2° u3 (x): @l(O):(I)/(g):O

Pemenne 31ech KoncTanTa 118 Ao = 0 1 @i () = cos 3k, \p = (3k)2.

3° Pemas sanauy Irypma-Jluysunns s R(r) (r?R) + rR), — Ay Ry, = 0), nonyuaem, uro v(r, ) = Ag + Bolnr +
o0

+ 3 (Apr®F + Brr—3%) cos 3ke.
=1

k=
4° U3 (%) mosydaem:

6 —6 __
Ao+ Boln3=0 (A3 4+B33=1 |[A3+B37=-4 (4 _0 p>2
Ap =1 4

A+ B =0 A2+BQ:—2—7 B, =0, k>2
1 36 -373
A():]. A1:33_3_3 A2:_47312_1 Ak-:o,k'>2
1 .
By=—— _ 1 37336 Bp=0, k>2
BT i cr = 32:—4@
2TKy,ZLa, VYUTBIBAA U = U + %73 cos 6 umeem u =1 — }Eg + g;g > cos 3p — 4(‘3;:12‘3 —r0 4+ 3o 33 3 26— 7:73) cos 6p.
Au=0
Sagaua 5. Hatimu pewenue ypasuenus JIaniaca 6 npamoyzorvhure; § Ug|z—o0 = Siny, Uy|y—or = sin3y
Uly=0 = cos2z, u|ly=r = cosbx
Pemenne. Pa3obném cucTemy Ha 2 O TPOTHBOTONOXKHBIM CTOPOHAM TIPAMOYTOMBHUKS, (U=V+W):
Av=0 X!+ AX =0
o . . - _X/’/ . Y:/ . k k=
1 Um‘z:() =0, Um'x:%r =0 Vg = Xk(x)yk'(y)a Torjia Xi - Yl\k = Ak, {X/(O) _ X/(Q’]T) -0 Orky-
V|y=0 = €082z, V|y=r = cos6x

o] 0y cY
na v(z,y) = 3 Yi(y)cos B, Ona k > 0 Yi(y) = Cre'® + Dpe=%. s V|y=0 = €082z, V|y=x = cosb6x momyuaem:
k=0

1 1
Ca= 1 —edr Crz = ebm — =67 2y —2y 6y
_ e e ) e’Y—e” 6
1 1 Oxonuarensho v = (5= + 75— ) cos 27 + 7&# S5 cos 6.
Di=——r | Dip=————
1— 67471' eGTr _ 6767r

Aw =0
2° Anamoruano anst 208 CHCTEMBL: { Wg|r—0 = SINY, Wy|p—2r = sin 3y

w|y:0 = 0, U)|y:ﬂ— = 0

(oo} x —x 3x —3x
— 1 & — e e : e’"+e :
w = ), Xp(x)sinky. Kosddurmenrsr naxonarcs u3 Kpaesbix ycaosuit. toro w = (== — 7%= ) siny+ 3o o=y Sil 3y.

k=1
_ ,—6y 3z

2y —2y 6y © —
o _ _ e e e e e +e~
Pu=v4+w= (71764“ + === ) cos 2z + o7 —c=o= COS6x + (71764,, — 717 — ) siny + 73(&# =) sin3y. A




[Iposepounast pabora ot T.A. (onna 3ajava #Ha 30 MUHYT, 37eCh 00a BapHAHTA).

Bajaua 1. (Baadumupos 19.35) Jlokasamo, wmo daa ecex dymwyuti v € Cl(|z| < 1), z = (21,22, 73) umeem
MECTNO HEPABEHCTNEO
7r

/ |Vul?> + udz > ~1

Jz|<1

. Umeem au mecmo pasencmeo 0ai KaxoU-4ubo U3 ONUCGHHLLT 8biute GYHKUUL?

Pemenue. Paccvorpum dbynxmuonan E(u) = [ |Vul? + uda.
zl<1
I(t) = E(u+tg) = [ |Vu|2+2t(Vu,Vg)+t2\Vg||2—|:u+tg dx. (%I(t)) li=o = [ +2(Vu,Vg)+gde = [ (—2Au+
1)g dzx. Tlony4aem ‘fg;l/laHHOHHon 3a7a1y: . o o
Ay = 3
Uljz)=1 =0

Ninem pemenue kak dbyukiuo or paguyca: v = R(r). Torna

1 1
A :R” 7Rl = —
u=R'(0)+ - R(r) =

u||m\:1 = R(l) =0

2
O61miee perieHre IEPBOTO Y PABHEHUS: % +d+ 5. u - rapMOHIYecKas B mape ¢ enTpoM B myite, orkyza C = 0; u(1) = 0,

_ 1 _ r°—1 I’ .
otkyna d = —15. Mimeem u = 5+, Ha Heil gocTuraeTcs MuHUMYM (yHKIOHAMA. Teneph MPOBEPUM HEPABEHCTRO:
1
2 — i1y, 1 2, 4r 1 4_bm _Ar _ Bw _ _
J IVuP +ude = [ H+55de=g5 [ r’de— 355 =5 [4mr* — 3F = & — 3£ = —f&, OTKyJa HEPABEHCTBO
|z|<1 |z|<1 |z|<1 0

BEPHO, IPUIEM PABEHCTBO JOCTUTAETC Ha HaliaenHoi dyukimu u. B

Samaua 2. (Baadumupos 19.29) ITycmos Q - xyb {0<x;<1;0<x2<1;0<x3<1}. Jokasame, wmo daa mobod Pyrk-
yuu f € HYQ) enpasedruco nepasencmeso:

2 1 2
1712, < 5 I97IE,

Pemenue. Paccmorpunm dbynxmuonan E(f) = [ f2 — 3%|Vf|2 dz.
Q

I(t) = E(f+tg) = [ f2+2tfg+12¢°— 55 (IVf|? +26(V f,Vg) + t2|Vg|?) dx. (£1(1)) [i=0 = [2f9—32(V [, Vg) dx =
Q Q

J2(f + ﬁAf)g dz. TlonyyaeM BapUallMOHHYIO 33a4y:
Q

—Af=3nf
flog =0
o0
Nmem pemenne B Bume pasiokeHus MO cOOCTBeHHbIM (yHKImAM: f = > Ajiji sin mkxy sin wlxg sin tmaxs. Jlerko
k,l,m=1
BUJIETH, YTO peIleHneM spjsiercss f = asinmri sinwrs sinmrs. Ha Takux GyHKIUS JOCTUTaeTCsd MUHUMYM HAIIErO
dynxuponana. Ilposepum Bbimonuenne nepasercrsa [ f2 — 2|V f|> dz < 0:

. . . 2
(sinmay sin g sinwes)” dry dee deg = %,

Ot — =

11
[ frde=] [
Q 00

111 1 42

11
[ 5= |Vf2da= [ [ [ 72 (cosTay sinmagsinmas + ...) dvy dos dog=372 [ [ [ cosmay sinwwy sinwas doy dog dog=322-,
000 000

ol— O

- 2 . . .
- ﬁ% = 0, OTKy/1a HEPABEHCTBO BEPHO M JOCTHUTAETCA HA (DYHKIHMAX BHAA asin mxy sin s sin7rs. M



Konrposabnasi pabora Ne3. Bapuant 1.

Bagaua 1. Ha naockocmu sadan xkeadpamn ¢ eepwunamu 6 mowkax A(0,1), B(1,0), C(0,-1), D(-1,0). Hycmw
x(x,y) - zapaxkmepucmuneckaa dynryus smozo xeadpama. Hatimu Xz — Xyy 6 Z(R?).

E=z+y

Pewmenve. (Xoz — Xyy, @) = (X0 Paz — Pyy) = | Paz — Pyy dS. Crenaem 3ameny:
ABCD n=r—y

Pax = Vee + 20en + by i L
Torma . Kpome Toro, korga cienaem 3aMeny B MHTErpase, MOABUTCH AKOOMAH, PABHBIA 3.
Pyy = Vee — 2¢en + Uy

Ksagpar ABCD mnepeiinér B kpagpar A’B’C’D’ ¢ sepmmnamu B Toukax (+1,£1).

11 1
Mveest [ ow —pyydS= [ ApeyzdS = [ [ 20ey(§n)dEdb =2 [ tey(§,1) — Yen(§,—1)d¢ = 2¢(1,1) —

ABCD A'B/C'D! Z15 21
2p(—1,1) — 2¢(1,—1) + 29p(—1,—1) = 2¢(1,0) — 2¢(0, —=1) — 2¢(0, 1) + 2¢o(—1,0), OTKY/I2 OKOHIATEIHHO TOILYTAEM:

_ coskr
4mr 7

Sagaua 2. Joxaocume, wmo E(r) = r = |x — xo|, acanemea GYHIGMEHMAALHOLM DEWEHUEM ONEPATNOPE

A+k? (zeR3).

Pemenne. A& = e AT +2V (e )V (- 11 )+ (— 15 ) Ae™*". Tlepsoe caaraemoe eX**" A L naér §-pynxuuo,

4mr " 4nr 4mr
1 3 5
TaK KaK —p— (DyHIamenraiboe pemerie oneparopa Jannaca B R®. Ocraéres nposepurb, 910
+ikr 1 LA ptikr _ p2eTiRr _ 2
V(e NV (= 5m) — 1 Ae — k*S— = 0 (ucnons3ys, manpumep, AV (r) =V, + 2V;.). B

Bamaua 3. Jana eapmonuueckas 6 xoawvue Q = 1 < 2% +y? < 2 dynxyua u(z,y), yoo6aemeopaIOULaA YCAOCUAM:
u(z,y)=x npu 2° +y> = 2, du+ (1 — y?)u = 0 npu 22 + y> = 1. (v - enewnas nopmaas). He nawoda pewenus,
natidume max |u(z,y)|.

Q

Pemnenne. lapmonndeckas GyHKIMS U, OYEBUIHO, HE KOHCTAHTA, CJIEIOBATEIBHO, [0 MPUHIUIY SKCTPeMyMa e
MOJIYJIb HE MOXKET IMTPUHUMATH MAKCUMAJIBHOE 3HAUEHNEe BHYTpHU obnactu. Vccaemyem eé Ha rpanuiie. YCJIOBUE TIEPETTH-
ceBaercs Tak: 0, u + x2u = 0. Ilo nemmMe 0 HopMasbHOI mpon3soaHOil J,u > 0 B Touke MakcuMmyma u 0,u < 0 B TOUKe
MHHHMYMa; 3KCTPEMyM He MoykeT gocrurarbesa npu x—0. Takum o6pazoM, u3 0,u = —ru 3aK/II09aeM, YTO B TOUKE
makcumyma u < 0, a B Touke muHuMyMa u > 0, a takoit HyHKIMHU He cyiiecTByeT. [IpoTuBopedne o3HaYaeT, 9TO U
IPHHEMAET MAKCHAMYM Ha o2 + y? = 2 paBHbIi, oueBnaHo V2 (Tak Kax Tam u(x,y)=x). W

u=Au, R t>0

Bagaua 4. ITycmo u(z,t) - pewenue sadavu Kowu: ) ) ] 3
ulp=o = sin(z1) sin(xz) sin(xs)Ip = ¢, I = [0, 7]

(nod I nonumaemes unduxamop I1). Hadmu lim [ u(z,t)dx.
t—><>o]Rs
Pemenne. Pemenne 3ama4u Komm ypaBHeHUS TEILTOIPOBOAHOCTH MIPEJICTABUMO B BHIIE:

|z—y|?

_le—y|? . . —
u(z, t) = WR“C o(y)e” 2 dy. Torma tganfg u(x, t)dz = tgréo]é Rj; mcp(y)e 7~ dy dx. Pemmenne or T.A.:

_lz—y|? |z—y|?

- 1 : ~ L= - e - -
lim RhCRJ; G/mpre” T dyde tgnooRj;sO(y)RIS G/mpe ¢ drdy %w(y)fﬂs/a dn dy ng@(y)dy 8.

t—>o0 R3

L y—z ; — —nl ! =

(npyroe pemienue) 3amena: 5¢ = 1, uveen tgnooﬂé u(z,t) dx t@mﬂg;ﬂg; (x4 2nvt)e "l dn dx —>Rf3 o(x)dz = 8.
ITpo mocnenuuit npenenbhblii nepexon: CeenéM K OZHOMEpHOH 3aiade (BIPOYEM, NAJbHEHIINE DACCYKACHUS MOXKHO
OPOBECTH W CPa3y JJisl UCXOJAHON 3ajauu): uineMm peiienue B Buie u(T,t) = ui(x1, t)us(xe, t)ug(xs,t). Hoacrasuss,

(u;)e =Auyy, z€R, >0
noayvdaeM 3 3aJa4d : . Jlns mr0b0it UX HUX MOJIYYaeM IO AHAJOTUYHBIM COOODAYKEHMSIM
(ui)]e=0 = sin(xi)Ij,x]
tE}n f jgp(aj + 27}\/%)67“” dndx. Torma mOHATHO, 9TO YeM OOJbINE t, TéM MEHBINE OTPE30K WHTErPUPOBAHUS IO 1)
PR R
420Vt ¢ [0, 7] = (x4 2nVt) = 0), rem 6mmke el k 1, a cooTrereTRYIOIHIT WHTErpal - K wHTerpany ot cunyca. W

Bamaua 5. ITocmpotime gynxyuro I'puna 3adavwu Jupuzae dan noaykpyea K = {x : |z| < 1, z2 > 0} Ha naockocmu
(.1‘1, xg) € R2,

Peuienne. BeenéM ecrecTBeHHBIM 0Opa30M KOMILJIEKCHBIE KOOPAUHATHI: (T1,T2) — 21 + iz = z. Kondopmuoe

2
orobpaxkenme w(z) = (jﬂ) nepesogut K Ha momymiockocts {z : Imz > 0}. Ha meit dynxmua I'puna m3sectHa:

G(z,20) = % In Ij:?} , Toraa pyHKnua I'puHa O71 MOTyKPyra KMEeT BUI, % In %, KOTOPBIi 3/IeMEHTAPHBIMHT

|z=Z0][1—=2Z0]

11pecOPa30BAHUAMHY [IPUBOIUTCSH K BUILY i In =—zol[1=220]"



